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Generalized Form Factors

• for example, unpolarized parton distributions

q(x) =< P, S|
∫

dy−

4π
eixP+y− q(−y−/2)γ+ q(y−/2)|P, S >

• light-cone expansion generates unpolarized twist two operators

O
µ1···µn
q = qiD(µ1 · · · iDµn−1γµn)q

• off-forward matrix elements of the twist two operators [1]

〈P ′, S′|Oµ1...µn
q |P, S〉 = U(P ′, S′)[

n−1∑
i=0
even

A
q
ni(t)K

A
ni(P

′, P )

+
n−1∑
i=0
even

B
q
ni(t)K

B
ni(P

′, P ) + δn
evenCq

n(t)K
C
n (P ′, P )]U(P, S)

• similar expression for the polarized observables: Ã
q
ni(t) and B̃

q
ni(t)

[1] X. D. Ji hep-ph/9807358



Moments of Generalized and Transverse Parton Distributions

• moments of generalized parton distributions (unpolarized example)

∫ 1

−1
dx xn−1Hq(x, ξ, t) =

[(n−1)/2]∑
i=0

A
q
n,2i(t)(−2ξ)2i +mod(n+1,2)Cq

n(t)(−2ξ)n

∫ 1

−1
dx xn−1Eq(x, ξ, t) =

[(n−1)/2]∑
i=0

B
q
n,2i(t)(−2ξ)2i −mod(n + 1,2)Cq

n(t)(−2ξ)n

• transverse quark distributions, ξ → 0 [1]

∫ 1

−1
dx xn−1 q(x,~b⊥) =

∫
d2∆⊥
(2π)2

e−i~b⊥· ~∆⊥A
q
n0(− ~∆2

⊥)

∫ 1

−1
dx xn−1 ∆q(x,~b⊥) =

∫
d2∆⊥
(2π)2

e−i~b⊥· ~∆⊥Ã
q
n0(− ~∆2

⊥)

[1] M. Burkardt hep-ph/0005108



Transverse Distributions
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A
q
n0(− ~∆2

⊥) =
∫

d2b⊥ ei ~∆⊥·~b⊥
∫ 1

−1
dx xn−1 q(x,~b⊥)

〈b2⊥〉
q
(n) = −4

A
q ′
n0(0)

A
q
n0(0)

• at x = 1 a single quark carries all the momentum

lim
x→1

q(x,~b⊥) ∝ δ2(~b⊥)

• higher moments A
q
n0 weight x ∼ 1 more heavily

lim
n→∞A

q
n0(t) ∝

∫
d2b⊥ ei ~∆⊥·~b⊥δ2(~b⊥) = constant

• slopes of A
q
n0 should decrease as n increases

• A10, A30, Ã20 measure q − q & Ã10, Ã30, A20 measure q + q

graph from M. Burkardt hep-ph/0207047



Transverse Distributions: mπ = 897 MeV

• slope of Au−d
10 = −0.93± 0.04 (GeV)−2

• slope of Au−d
30 = −0.13± 0.03 (GeV)−2 (factor of 7)
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Transverse Distributions: Mass Dependence

• slope of Au−d
10 = −1.02± 0.03 (GeV)−2

• slope of Au−d
30 = −0.36± 0.04 (GeV)−2 (factor of 3)
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Transverse Distributions: Spin Dependence

• slope of Ãu−d
10 = −0.58± 0.02 (GeV)−2

• slope of Ãu−d
30 = −0.40± 0.03 (GeV)−2 (factor of 1.5)
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Transverse Distributions: x Dependence

• transverse rms radius (momentum space)

〈
b2⊥

〉
x
=

∫
d2b⊥ b2⊥ q(x,~b⊥)∫

d2b⊥ q(x,~b⊥)

• transverse rms moment radius (Mellin space)

A′
n0(0)

An0(0)
= −

1

4

〈
b2⊥

〉
(n)

〈
b2⊥

〉
(n)

=

∫
d2b⊥ b2⊥

∫ 1
−1dx xn−1q(x,~b⊥)∫

d2b⊥
∫ 1
−1dx xn−1q(x,~b⊥)
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Transverse Distributions: ~b⊥ Dependence

q1(~b⊥) =
∫ 1

−1
dx q(x,~b⊥) =

∫
d2∆⊥
(2π)2

e−i~b⊥· ~∆⊥A
q
10(− ~∆2

⊥)

q2(~b⊥) =
∫ 1

−1
dx x q(x,~b⊥) =

∫
d2∆⊥
(2π)2

e−i~b⊥· ~∆⊥A
q
20(− ~∆2

⊥)
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Hybrid Lattice Calculation

• asqtad staggered sea quarks (MILC) with a = 0.124 fm

amasqtad
u/d

L/a L masqtad
π #

fm MeV
0.05 20 2.52 770 425
0.04 ” ” 692 350
0.03 ” ” 601 564
0.02 ” ” 495 486
0.01 ” ” 357 656
0.01 28 3.53 357 270

• domain wall valence quarks with HYP smearing

• one loop perturbative renormalization at µ = 2 GeV

• please see hep-lat/0409130 for more details



Unpolarized Transverse Distributions: An0(q
2)
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Polarized Transverse Distributions: Ãn0(q
2)
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Conclusions

• we can examine the transverse structure of the nucleon by way of the

generalized parton distributions

• we can determine the low moments of the generalized parton distributions

by calculating the generalized form factors in lattice QCD

• in this way we calculate directly the transverse, ~b⊥, dependence of the

low moments

• we observe the transverse size of the nucleon,
√
〈b2⊥〉, shows a significant

dependence on the longitudinal momentum fraction 〈x〉


