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Introduction

I GDH sum rule: special case of several relations connecting
real and virtual Compton scattering (RCS/VCS) to inclusive
photo/electroproduction. VCS≡ VVCS

I Based on universal principles: causality, unitarity, gauge
invariance, crossing symmetry.

I Unique testing ground to study internal degrees of freedom
that hold the system together.

I At small photon virtuality: information about long-range
phenomena, effective degrees of freedom due to interplay of
quarks and mesons (Goldstone bosons, resonances).

I At larger virtualities: the primary degrees of freedom (quarks
and gluons) become visible.

I Need better understanding of transition
coherent ↔ incoherent processes
generalized spin polarizabilities ↔ higher twists

I Recent experiments have collected a large body of precise and
solid data and prepared the ground for theoretical activities:
Chiral Perturbation, Lattice Gauge, perturbative QCD



Gerasimov-Drell-Hearn-Hosada-Yamamoto sum rule

Unsubtracted dispersion relation relating the anomalous magnetic
moment κ to spin-dependent inclusive cross sections (σP − σA) for
real photons with parallel/antiparallel spin w.r.t. target spin S

πe2κ2

M2
S =

∫ ∞

ν0

dν

ν
(σP(ν)− σA(ν)) (1)

♥ Finite κ → particle has (spin-dependent) excitation spectrum
→ particle has spatial extension, size and shape ⇒ HADRONIC
PHYSICS.
Discovery of large κp by Stern and collaborators (1933) rang up
the curtain for hadronic physics.
♣ LHS > 0 → photon prefers absorption with parallel spins.
Leads to excited state with spin S = 3/2, ruled out for absorption
on single quark (6= DIS).



Gyromagnetic Moment and Convergence of GDH Integral

Relation between magnetic moment ~µ and spin vector ~S :

~µ =
eg

2M
(Q + κ) ~S , (2)

gyromagnetic ratio g = 2 for particles of any spin.
♦ Value g = 2 required for well-behaved scattering amplitude at
high energy (Weinberg, 1970).
♠ Large a.m.m. of nucleon shows its composite structure,
described by unitarity corrections from pion loops and low-energy
resonance effects. Such spatially extended phenomena should fade
out with increasing energy.
♣ Therefore, GDH integral Eq. (1) should saturate at sufficiently
large energies, unsubtracted dispersion relation should exist.
♥ In a completely supersymmetric, high-energy world, all GDH
integrals would vanish, all particles would be “truly elementary”
pointlike objects .
Finite value of κ in real world: measure of broken supersymmetry.



Forward RCS and Polarizability

Forward Compton amplitude:

T (ν, θ = 0) = ~ε ′∗ · ~ε f (ν) + i ~σ · (~ε ′∗ × ~ε) g(ν) (3)

Invariance under photon crossing (ε′∗ ↔ ε and ν → −ν) requires
that f (ν) even and g(ν) odd function of ν.

Amplitudes f and g measured by double-polarization experiment:

Parallel spins: excited state has spin 3/2, transition requires a
correlated 3-quark system.
Opposite spins: excited state has spin 1/2, process can take place
on single quark.

f (ν) = (T1/2 + T3/2)/2 , g(ν) = (T1/2 − T3/2)/2 (4)



Optical Theorem

Scattering amplitudes T1/2 and T3/2 related to helicity-dependent
absorption cross sections σA = σ1/2 and σP = σ3/2.
Total and helicity dependent cross sections:

σT =
1

2
(σ1/2 + σ3/2) ,

σTT =
1

2
(σ1/2 − σ3/2) (5)

Unitarity ⇒ optical theorem

Im f (ν) =
ν

8π
(σ1/2(ν) + σ3/2(ν)) =

ν

4π
σT (ν) ,

Im g(ν) =
ν

8π
(σ1/2(ν)− σ3/2(ν)) =

ν

4π
σTT (ν) (6)



Dispersion Relations and LET

Subtracted DR for f (ν), unsubtracted DR for g(ν):

Re f (ν) = f (0) +
ν2

2π2
P

∫ ∞

ν0

σT (ν ′)

ν ′2 − ν2
dν ′ , (7)

Re g(ν) =
ν

4π2
P

∫ ∞

ν0

σ1/2(ν
′)− σ3/2(ν

′)

ν ′2 − ν2
ν ′dν ′ . (8)

Below pion production, ν < ν0: amplitudes f (ν) and g(ν) are real,
can be expanded in Taylor series and compared to low-energy
theorem (Low, Gell-Mann & Goldberger, 1954),

f (ν) = −
e2 e2

N

4πM
+ (α + β) ν2 +O(ν4) , (9)

g(ν) = −
e2κ2

N

8πM2
ν + γ0ν

3 +O(ν5) . (10)

Leading term in Eq. (8) yields GDH sum rule,
higher order terms express (forward) polarizabilities by integrals
over absorption spectrum.



Sum Rules

I Baldin sum rule
Compare O(ν2) of Eq. (7) to LET, Eq. (9):

α + β =
1

2π2

∫ ∞

ν0

σT (ν)

ν2
dν (11)

I Gerasimov-Drell-Hearn sum rule
Compare O(ν) of Eq. (8) to LET, Eq. (10):

πe2κ2
N

2M2
=

∫ ∞

ν0

σ3/2(ν)− σ1/2(ν)

ν
dν ≡ IGDH (12)

I (Gell-Mann)-Goldberger-Thirring sum rule
Compare O(ν3) Eq. (8) to LET, Eq. (10):

γ0 = − 1

4π2

∫ ∞

ν0

σ3/2(ν)− σ1/2(ν)

ν3
dν (13)

I Higher terms of power series yield quadrupole polarizability,
O(ν5), and so on.



Total Photoabsorption σT (ν)

phenomena from low
to high lab energy ν:

♠ non-resonant S-wave π+ (E0+)

♠ P33 resonance (M1+/E1+)

♠ D13 resonance (E2−/M2−)
S11 resonance (E0+)

♠ F15 resonance (E3−/M3−)
D33 resonance (E2−/M2−)
S31 resonance (E0+)
P13 resonance (E1+ , M1+)

♠ > 500 MeV: ππ channels

♠ > 700 MeV: η channel

♠ > 2 GeV constant absorption
slight increase in Regge region

from soft pomeron exchange



Helicity Dependent Photoabsorption σ3/2 − σ1/2 for proton
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phenomena from low
to high lab energy ν:

♠ non-resonant S-wave π+ (−|E0+ |2)

♠ P33 resonance (+|M1+ |2 + . . .)

♠ D13 resonance (+|E2− |2 + . . .)
S11 resonance (−|E0+ |2)

♠ F15 resonance (+|E3− |2 + . . .)
D33 resonance (+|E2− |2 + . . .)
S31 resonance (−|E0+ |2)
P13 resonance (−|E1+ |2 + . . .)

♠ ππ channels positive

♠ η channel negative

♠ > 2 GeV small negative
contribution from Regge tail

for ν →∞ “helicity blind” (?)



GDH and FSP for proton
energy [GeV] Ref. I p

GDH [µb] γp
0 [10−4 fm4]

ν0 − 0.2 MAID/SAID −27.5± 3 0.90± 0.05
0.2− 0.8 Ahrens 2001 226± 5± 12 −1.87± 0.08± 0.10
0.8− 2.9 Dutz 2004 27.5± 2.0± 1.2 −0.03

total 226± 6± 12 −1.00± 0.08± 0.11

sum rule 204 –

♣ Regge tail above 2.9 GeV
(−14± 2)µb
(Bianchi, Thomas,Simula)

♣ Hoblit (2009) measure smaller
(γ, π0) near ∆(1232):
(−18± 6)µb
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FIG. 4: Total π+ and π◦ spin-difference cross sections for
polarized H (top two panels) and for π◦ production from po-
larized D (bottom). Open (red) crosses result from an angle
integration of the differential spin difference (π◦ crosses are
shifted by +3 MeV for clarity). Solid (red) circles result from
counting π’s in the detector, using the measured angular de-
pendences in a simulation to correct for varying efficiencies.
Mainz results, using the latter method, are shown as open di-
amonds [7, 20]. The π◦ contribution to the running GDH(p)
is plotted in the second to bottom panel against the upper
limit of integration. Curves are as in Fig. 2 and Fig. 3.

appears to originate from a limited energy range. Ap-
plying this correction to the full Mainz+Bonn result, to-
gether with the -28 µb contribution from energies below
0.2 GeV, would bring their GDH(p) total down to 208 ±

6 (stat) ± 14 (sys) µb, where we have combined here the
systematic uncertainties from both experiments. This is
to be compared with 204 µb for the right side of eqn. 1
and removes the need for additional canceling contribu-
tions from higher energies to achieve agreement with the
GDH(p).

The integrated spin difference for π◦ production from
the deuteron is shown in the bottom panel of Fig. 4.
These are somewhat lower than the Mainz results of [7]
and considerably more precise. The calculation of [16]
is shown as the solid curve. While certainly in proxim-
ity to the data, further theoretical work will be needed

to address the discrepancies which are largest in the π◦

channel (Fig. 2 as well).

In summary, while our charged-π data from polarized
H agree with Mainz, our π◦ results near the peak of the
∆ reveal a different angular distribution than what was
assumed in Mainz analyses. As a result, our π◦ contri-
bution to eqn. 1 is 18 µb less than the Mainz result for H
and suggests that a high-energy Regge tail is not needed.
Our results for polarized D are lower than the trend of the
Mainz data and have considerably smaller uncertainties.
The data are also lower than recent deuteron calculations
and point to the need for additional theoretical work to
understand the GDH(D) convergence.
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GDH for neutron

energy [GeV] Ref. I n
GDH [µb]

ν0 − 0.2 MAID/SAID −30± 3
0.2− 0.8 Ahrens 2006 181± 21± 30
0.8− 1.8 Dutz 2004 +34± 5± 5
> 1.8 Regge tail +30± 10

total 215± 22± 34

sum rule 234

♣ γ + d → p + n 20 µb ?
♣ > 1.8 GeV

positive integrand
Regge tail of 30 µb ?
(Bianchi, Thomas,
Simula)
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Fig. 1. (a) The helicity dependent total inclusive photoabsorption cross section ob-
tained in this work (closed circles) compared to previous results [5] (open circles)
and to theoretical predictions of AFS [19] and Schwamb [20]. The hatched band
shows the experimental systematic uncertainties. (b) The sum of all helicity depen-
dent total inclusive data obtained at Mainz (closed circles), our previous results
from Bonn [4] (open circles) and the predictions of the AFS [19] model.

and for γN → Nππ (taken from an effective Lagrangian model [23]) into the
deuteron reaction. In addition final state interactions are incorporated in a
perturbative manner.

In an alternative approach of Schwamb [20], special emphasis is devoted to a
unified and consistent description of all contributing reactions, a feature which
is missing in the AFS model. This is performed in the framework of a retarded
coupled NN − N∆ approach with a partially nonperturbative treatment of
the πNN dynamics. Gauge invariance and unitarity is fulfilled in leading or-
der in all considered channels (γd → pn, π0d, πNN). As an advantage, this
leads to the incorporation of two-body pion production operators that were
usually treated at most on a perturbative level. A typical prototype of such
a mechanism is depicted in Fig. 2. The interaction in the intermediate state.
after photon absorption, but before pion emission, is treated in terms of a full
offshell scattering amplitude. Usually, as in the AFS model, this amplitude is

5



Inclusive Electroproduction and Virtual Compton Scattering

N NNNNN

q
**** γγγγ

qqq

I Inclusive electroproduction cross section
σ(ν, Q2) = σT +ε σL−hPx

√
2ε(1− ε) σLT −hPz

√
1− ε2 σTT

momentum transfer Q2 = 4EE
′
sin2 θ

2
, energy transfer ν = Ee − E ′

e ,

ε transverse photon pol., h electron helicity, Px,z target polarization

I Scattering amplitude
T (ν, Q2, θ = 0)
=(~ε ′∗ · ~ε) fT + fL − i~σ · (~ε ′∗ × ~ε)gTT − i(~ε ′∗ − ~ε) · (~σ × ~q)gLT

I Crossing symmetry
Invariance under ~ε ′∗ ↔ ~ε, ~q → −~q, ν → −ν
gTT odd and gLT even function of ν.

I Optical theorem
Im {fT , fL, gTT , gLT} = KH

4 π {σT , σL, σTT , σLT}
KH=“equivalent photon energy”



Helicity Difference ∆σ = σ3/2(W ,Q2)− σ1/2(W ,Q2)

W =
√

2Mν −M2 − Q2 total hadronic c.m. energy

with increasing Q2:

π S-wave @ thr.
rapid decrease

∆(1232) drops faster
than dipole f.f.

2nd and 3rd resonance
regions change sign
near Q2 = 0.2GeV2

above Q2 = 2GeV2

resonance structures

wash out, DIS regime



Spin-flip Cross Sections, Nucleon Spin Structure Functions,
Asymmetries

cross sections and nucleon structure functions g1 and g2

Note: nucleon structure functions contain elastic and inelastic parts!

σTT = π e2

M K (g1 − γ2 g2), σLT = π e2

M K γ(g1 + g2), γ = Q/ν

Asymmetries and helicity amplitudes
Experiments measure asymmetries for longitudinal electron
polarization and target polarization longitudinal (A||) and
transverse (A⊥) ⇒ g1, g2

Resonance physics: Introduce polarization w.r.t. virtual photon.

A1 ∼ σTT ∼ g1 − γ2 g2 ∼ |A1/2|2 − |A3/2|2
A2 ∼ σLT ∼ g1 + g2 ∼ S∗1/2A1/2

HELICITY AMPLITUDES A3/2, A1/2, S1/2 characterize resonance
structure.

JLab Hall A, B, and C collaborations have provided new and
precise information on both DIS and resonance structure



Asymmetries A1 ∼ σTT and A2 ∼ σLT

rived by normalizing the measured elastic asymmetry [19]
to the known value, resulting in better accuracy than
achievable from direct measurements. In the perpendicular
case, the limited knowledge of the elastic asymmetry made
the direct measurement of Pb and Pt the better choice. The
systematic errors are summarized in Table I, highlighting
the lack of models and data for perpendicular radiative
corrections.

The dilution factor represents the fraction of events that
truly scattered from a polarized proton in the target. It was
determined from the ratio of free proton to total target rates
calculated via a Monte Carlo simulation which had been
matched to calibration data acquired specifically for this
purpose. The QFS parametrization [20], modified to im-
prove agreement with our data, was used as input for the
Born inelastic cross sections for A 
 3 nuclei. Fits to Hall
C inelastic e-p data [21] were used for the H contribution.
The unpolarized structure function F1 and the ratio R of the
longitudinal to transverse cross sections are derived from
the same fits [21,22]. The uncertainty in these cross sec-
tions was the dominant source of systematic error for the
dilution correction.

Convoluting radiative prescriptions with models of the
resonance region, the elastic peak, and our target, we
obtained radiated cross sections and asymmetries. The
external radiative corrections were determined using the
procedure established in [23], while the POLRAD software
[24] was used to determine the internal radiative correc-
tions. The resonance fit model was iteratively improved,
until the radiated values matched our experimental data.

The model then trivially provided the corrections to our
measurements, with fRC accounting for the radiative dilu-
tion from the elastic tail and ARC for all other influences.

We extract the virtual photon asymmetries A1 and A2,
shown in Fig. 2, from the corrected physics asymmetries
Ajj and A?, using only R as model dependent input. The
spin structure functions g1 and g2 (Figs. 3 and 4) are then
obtained using F1. The uncertainties in F1 and R are
included in our total systematic error and in the error bands
of our plots.

We have fitted the W dependence of our A1 and A2 data
using an approach similar to that applied to unpolarized
cross sections in Ref. [23], substituting for the DIS com-
ponent a form based on the phenomenological spin struc-
ture parametrizations of Refs. [25,26]. These fits served as
input in the iterative procedure to obtain our radiative
corrections and to calculate the integrals of g1 and g2 at
constant Q2. Each spin asymmetry was fitted indepen-
dently, since they represent different physical quantities.

To test quantitatively for global duality in g1, we can
integrate in x over the resonance region and compare the
results obtained from resonance data and DIS extrapola-
tions (Fig. 3). We used our fit to integrate over the reso-
nance region (1:09<W < 1:91 GeV) and took the
average of the integrals from several DIS extrapolations
calculated from target mass corrected [27], next-to-leading
order parton distribution functions (NLO PDFs) [28–30]
over the same range of W at our average Q2 � 1:3 GeV2.
We found the ratio of integrals, PDFs to data, to be 1:17�
0:08, indicating agreement at only the two sigma level, and
suggesting that PDF extrapolations into the resonance
region may not be valid at thisQ2. The ratios for restricted,
but still rather broad,W ranges differ from unity by several
sigmas, demonstrating that local polarized duality is not
valid at our Q2: 1:09<W < 1:4 GeV is 6:47� 0:95, and
1:4<W < 1:91 GeV is 0:87� 0:06. Including also large
x resummations for the PDFs [11], the global ratio changed

TABLE I. Averaged systematic errors in the asymmetries.

Error source Ak A?

Target polarization
�
1:1% 2.9%

Beam polarization 1.3%
Dilution factor 4.9% 4.9%
Radiative corrections 2.7% 12.9%
Kinematic reconstruction 0.4% 0.4%

 

FIG. 2. Virtual photon asymmetries A1 and A2 from our data
and corresponding fits. Also shown is the E155 fit to DIS data
[25,26], evaluated at our (x, Q2), and the Soffer limit for A2 [31],
based on our A1 fit. The upper error band indicates the systematic
error in A1, the lower one A2.

 

FIG. 1. Our measured asymmetries Ak and A?, fully corrected
(points) and without radiative corrections (curves).

PRL 98, 132003 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
30 MARCH 2007

132003-3

RSS/Hall C,
Wesselmann et al.,
PRL (2007)

Q2 ≈ 1.33GeV2

σTT dominant, σLT suppressed
distinct resonance structures 6= DIS
P33(1232), 2nd resonance region (1500), 3rd resonance region (1700)

indication of peak near 1350 MeV (Roper? mostly 2-pion?)



Spin Structure Functions

Figure 35: Data on the spin structure functions g1 and g2 of the proton versus x in the
resonance region, for an average Q2 of 1.3 GeV2, from Jefferson Lab’s Hall C (dark filled
symbols) and other experiments (as indicated). Statistical errors are shown as error bars,
while the systematic errors are indicated by the shaded bands.

3 Sum Rules and Spin Polarizabilities

3.1 Moments of Spin Structure Functions

Moments of structure functions are a powerful tool to study fundamental properties of nucleon structure,
like the total momentum fraction carried by quarks or the total contribution of quark helicities to the
spin of the nucleon. While a complete description of structure functions based on fundamental QCD
principles may be unattainable for now, moments of structure functions can be directly compared to
rigorous theoretical results, like sum rules, lattice QCD calculations and chiral perturbation theory.
The original “spin crisis” was directly due to a discrepancy between the data and an approximate “sum
rule” by Ellis and Jaffe [3]. On the other hand, a detailed measurement of the Q2–evolution of the
Bjorken sum rule [5] provides a significant test of pQCD in the spin sector.

As mentioned in Section 2.1, via the Operator Product Expansion (OPE) the moments of g1,2 can
be related to hadronic matrix elements of current operators. The moments are given as a sum, ordered
according to the twist τ = (dimension− spin) of the current operators, beginning with the lowest twist

τ = 2. Each additional unit of τ produces a factor of order
ΛQCD

Q
, and is thus less important in the high

Q2 regime. Strictly speaking, the higher twist terms are mixed up with correction terms of order M2

Q2 ,

of purely kinematic origin (target mass corrections), which can be calculated exactly, so as to expose
the HT terms of dynamic origin. Some of the twist 2 terms are directly measurable in other processes.
Twist 3 and higher terms can sometimes be determined from combinations of measured quantities.2

After a long series of manipulations one finds expressions for the nth moment
∫ 1

0
dx xn−1 g1(x,Q

2)

for n = 1, 3, 5...... of g1 and the nth moment
∫ 1

0
dx xn−1 g2(x,Q

2) for n = 3, 5, 7...... of g2, in terms of
hadronic matrix elements of certain local operators. (For details see Section 22.2 of [156]).

The most important case is the first moment, n = 1, of g1, where the operators involved are the

2The reader is warned that the notation in the literature on this subject is in a state of anarchy, with identical symbols
often being used for significantly different quantities in different papers. Thus G1,2 sometimes means M3 times our G1,2,
but perhaps more bizarre is the use of the symbol ν for P · q in [154, 155]

42

to 1:42� 0:10. The quoted errors are based on the data
integrals only, including a 0.4% contribution from comput-
ing our fit at fixed Q2. Our results are in good agreement
with the recent results from CLAS [13].

Approximate global duality within errors was reported
by [10], based on A1 resonance data averaged over a broad
Q2 range from 1.6 to 2:9 GeV2 and compared to a DIS fit to
data. The weak Q2 dependence of A1 (within large errors)
allows for averaging, instead of calculating the ratio at each
Q2 value as is required for testing duality in the structure
functions. But duality in the spin asymmetry A1 / g1=F1

could be due to accidental cancellations in the ratio g1=F1.
Our results for g2 are much clearer, especially in the

framework of the QCD OPE. The comparison of our data
and the gWW

2 approximation, evaluated from our measure-
ments of g1, provides strong evidence of the significance of
higher-twist terms at this Q2, as shown in Fig. 4. Com-
bining our measurements of g1 and g2, we can investigate
specifically the twist-3 contribution via the matrix element
d2 [Eq. (2)]. Over the measured range (0:29< x< 0:84),
we find �d2 � 0:0057� 0:0009�stat� � 0:0007�syst�, in-
cluding a 4% contribution to the systematic error from
our fit’s assumed Q2 dependence. This significantly non-
zero result highlights the limitation of leading-twist ap-
proximations. Extrapolating this result to Q2 � 5 GeV2,
assuming a 1=Q dependence, we find �d2 � 0:0029 com-
pared to the SLAC result d2 � 0:0032� 0:0017 [33].

In summary, our results significantly increase the avail-
able information on the proton spin structure: These new
data provide a connection to the measurements at DIS
kinematics and fill a significant void in the explored re-
gions. Our measurement with transverse spin arrangement
is the first in the resonance region, with notably nonzero
results. Our data clearly indicate the importance of higher-
twist contributions and thus quark-gluon correlations. We
have established that Bloom-Gilman polarized duality is
meaningful only for the resonance region as a whole,

although local polarized duality may yet be observed at
higher Q2 ranges.
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FIG. 4. Our (RSS) values for g2 and the approximation gWW
2

[Eq. (1)] as evaluated from our data.

 

FIG. 3. Results for g1 from this experiment (RSS) and other
relevant data [2,32], as well as target mass corrected NLO PDFs.
The upper scale shows W (at Q2 � 1:3 GeV2) for reference.

PRL 98, 132003 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
30 MARCH 2007

132003-4

RSS/Hall C, CLAS, and SLAC data; see also new CLAS data (Bosted 2009)

g1: fluctuations about DIS extrapolation as before
g2: WW approximation right structure but differs in size
σLT ∼ g1 + g2 suppressed

distinct resonance structures, importance of higher twists (convergence?)
P33(1232), 2nd resonance region (1500), 3rd resonance region (1700)

indication of peak near 1350 MeV (Roper? mostly 2-pion?)



Dispersion Relations and VCS Sum Rules I

Born terms N NNNNN

q
**** γγγγ

qqq

gBorn
TT (ν, Q2) = − e2 ν

8πM2

(
F 2

P + Q2

ν2−ν2
B+iε

G 2
M

)
gBorn
LT (ν, Q2) = e2 Q

8πM2

(
FDFP − Q2

ν2−ν2
B+iε

GEGM

)
form factors Dirac: FD(Q2), Pauli: FD(Q2), Sachs: GE (Q2) and GM(Q2)

pole positions: ν = ±νB = ±Q2/2M.

RCS vs. VCS

Real photon in limit Q2 → 0 ⇒ FP → κN , FD → eN

Pole terms vanish, Born terms real ⇔ real photon not absorbed by nucleon.

Taylor series g(ν) = gTT (ν, Q2 = 0) converges for ν < ν0

Virtual photon absorbed by nucleon (e + N → e′ + N ′).
Pole at νB yields complex amplitude, fulfills dispersion relation by itself.
gTT (ν, Q2)− gpole

TT (ν, Q2) is real for ν < νπ(Q2) = ν0 + νB(Q2),
can be expanded in power series up to ν = νπ(Q2) and

can be evaluated by dispersion integral over (polarized) electroproduction.



Dispersion Relations and VCS Sum Rules II

gTT , odd power series for ν < νπ(Q2)

gnon−pole
TT (ν, Q2) = ν

2π2 P
∫∞
νπ

K(ν′,Q2) σTT (ν′,Q2)
ν′2−ν2 dν ′

⇒ e2

2 π M2 ITT (Q2) ν + γTT (Q2) ν3 +O(ν5)

generalized GDH integral, ITT (0) = −κ2
N/4

generalized spin (dipole) polarizability, γTT (0) = γ0

gLT , even power series for ν < νπ(Q2)

gnon−pole
LT (ν, Q2) = 1

2π2 P
∫∞
νπ

ν′ K(ν′,Q2) σLT (ν′,Q2)
ν′2−ν2 dν ′

= e2Q
2 π M2 ILT (Q2) + QδLT (Q2) ν2 +O(ν4)

longitudinal-transverse analog of generalized GDH integral
longitudinal-transverse analog of generalized spin polarizability

ILT and δLT (0) = δ0 obtained by extrapolation Q2 → 0.



Integrals and Sum Rules

integrals
I1,2(Q

2) = 2 M2

Q2

∫ 1
0 dx g1,2 (x , Q2) = 2 M2

Q2 Γ1,2(Q
2)

limit Q2 →∞
Γ1(Q

2) = Γ̃1(Q
2) +O

(
M2

Q2

)
, Γ2(Q

2) = O
(

M4

Q4

)
Bjorken sum rule, QCD prediction for isovector integral
confirmed within 10%
Γ̃p

1(Q
2)− Γ̃n

1(Q
2) = 1

6 gA

{
1− αs(Q2)

π +O (α2
s )

}
≈ 0.18 @ Q2 = 5GeV2

Burkhard-Cottingham sum rule
I2(Q

2) = 0 ⇒ Γ2(Q
2) = 0 (elastic and inelastic !)



Burkhard-Cottingham sum rule

“Superconvergence relation”, assuming convergent dispersion
relation for g2(ν) and ν g2(ν). If these integrals converge ⇒

M2

π e2

∫∞
νπ

K(ν, Q2)
ν2+Q2

{
−σTT (ν, Q2) + ν

Q σLT (ν, Q2)
}

dν

= I inel
2 (Q2) = −I el

2 (Q2) = 1
4 FP(Q2)(FD(Q2) + FP(Q2))

Integral over excitation spectrum is fully determined by
electric and magnetic ground state form factors FD and FP .

BC integral converges in QED and perturbative QCD. It also
follows from Wandzura-Wilczek relation. Does it converge in
strong QCD?

In limit Q2 →∞, I inel
2 (Q2) = −I el

2 (Q2) = O
(

M10

Q10

)
I inel
1 (0) = −1

4κ2
N , I inel

2 (0) = 1
4(eN + κN)κN

I inel
TT (0) = −1

4κ2
N , I inel

LT (0) = 1
4eNκN



GDH-like Integrals

I p
1 (Q2) I n

1 (Q2)

data: JLab CLAS and E94-010 (circles, open: W < 2GeV , solid: plus DIS)
SLAC (diamonds), HERMES (triangles)

lines: 1-pion (– – –), 2-pion added (—–), Burkert-Ioffe (–··–··–)

Kao 2003 (.....), Bernard 2003 (– · – · –)



First Moments of Spin Structure Function g1

Γp
1(Q

2) = Q2

2M2 I
p
1 (Q2)
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FIG. 1: Γp
1

as a function of Q2. The data reported here
(EG1b) are shown as the solid cirlces, along with the ear-
lier EG1 data (EG1a)[23], SLAC [22] and Hermes data [9],
shown for comparison. The filled circles represent the present
data, including an extrapolation over the unmeasured part of
the x spectrum using a model of world data. Phenomeno-
logical models of Burkert and Ioffe [39, 40] and Soffer and
Teryaev [41] are represented by solid and dashed lines, re-
spectively. The grey band represents the systematic error. In
the right plot, the scales are expanded and χPT calculations
from Bernard [17] and Ji [18] are included.

The values of gp
1 and gd

1 were extracted for Q2 from
0.05 to 5 GeV2 and for x greater than 0.1; all results are
available from the CLAS database [38]. At low Q2, the
∆(1232) resonance is quite prominent, with a negative
asymmetry as expected for this transition. It decreases
steadily in strength as Q2 increases. In the mass region
above the ∆(1232) resonance, g1 increases from nearly
zero to large positive values as Q2 increases. In the
∆(1232) region and at low Q2, gd

1/2 is consistent with
gp
1 , as expected for a transition to an isospin 3

2
state.

However, at high Q2, gp
1 is significantly larger than gd

1/2,
indicating a negative contribution from the neutron.

The first moments of gp
1 and gd

1 are shown in Figs. 1
and 2, respectively. The parametrization of world data
[38] is used to include the unmeasured contribution to
the integral down to x = 0.001. The systematic un-
certainty (shown by the grey bands) includes the model
uncertainty from the extrapolation to the unmeasured
region. Only the Q2 bins in which the measured part
(summed absolute value of the integrand) constitutes at
least 50% of the total integral are shown. For the proton,
the parametrization is also used at high x (in the range
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FIG. 2: Γd
1/2 as a function of Q2. The symbols and curves

are the same as for Fig. 1.

1.09 < W < 1.14 (1.15) GeV for the 1.6 (5.7) GeV data).
For the deuteron, the integration is carried out up to the
nucleon pion production threshold at high x, excluding
the quasi-elastic and electro-disintegration contributions.
Our low Q2 coverage allows us to observe, for the first
time, the slope changing sign at low Q2, consistent with
the expectation of a negative slope given by the GDH
sum rule at very low Q2. In general the data are well de-
scribed by the phenomenological models of Burkert and
Ioffe [39, 40] and Soffer and Teryaev [41].

The low Q2 Γ1 data are shown in more detail in
the right-hand panels of Figs. 1 and 2. It is possible
to make a quantitative comparison between our results
for Γp

1 and Γd
1 at low Q2 and the next-to-leading or-

der χPT calculation by Ji, Kao and Osborne [18], who

find Γp
1(Q

2) = −
κ2

p

8M2 Q2 + 3.89Q4 + · · · and Γn
1 (Q2) =

−
κ2

n

8M2 Q2 + 3.15Q4 + · · · . Treating the deuteron as the
incoherent sum of a proton and a neutron, and correcting
for the D-state as discussed in Ref. [42],

Γd
1(Q

2) =
1

2
(1 − 1.5ωD)

{

Γp
1(Q

2) + Γn
1 (Q2)

}

, (5)

where ωD = 0.056 is the weight of the D-wave in the
deuteron, one finds that Γd

1(Q
2) = −0.451Q2 + 3.26Q4.

In the range of Q2 from 0 to 0.3 GeV2, we fit Γp
1 and Γd

1

to a function of the form aQ2 + bQ4 + cQ6 + dQ8, where
a is fixed at −0.456 (proton) and −0.451 (deuteron) by
the GDH sum rule. Note that the GDH sum rule on the
deuteron here excludes the two-body breakup part, which
otherwise nearly cancels the inelastic contribution [43].

data: CLAS (circles), SLAC (diamonds)
HERMES (triangles)

lines: Burkert-Ioffe (.....), Soffer-Teryaev (- - -)

Bernard 2003 (. . .), Ji 2000 (– · – · –)

Γn
1(Q

2) = Q2

2M2 I
n
1 (Q2)

data: E94-010 (circles)
SLAC (diamonds)

lines: Burkert-Ioffe (–··–··–)

MAID one-pion (– – –)



Isovector Moment and ChPT
Γp

1 − Γn
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Γ 1p-
n
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(2004)
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FIG. 1: (Color online) The Bjorken integral Γp−n
1 (Q2). The

solid blue circles give the results from this work with the
horizontal band giving the systematic uncertainties. Other
symbols show the data from experiments E143 [3] (open dia-
monds), E155 [5] (open star), HERMES [7] (open triangles)
and JLab [8] (open circles and open squares). For those, the
error bars represent the quadratic sum of the statistic and sys-
tematic uncertainties. The gray band represents the leading-
twist NNLO pQCD calculation. The curves correspond to
χPT calculations ( [33, 34]) and phenomenological models
( [31, 32]).

gral with the neutron extracted from the deuteron (filled
circles and open squares) and from 3He (open circles).
The neutron spin structure functions extracted from the
deuteron and from 3He agree at moderate and large Q2.
However, for Q2 below a few tenths of a GeV2, nuclear
effects beyond those accounted for in the convolution
method employed to extract the neutron [23] may be-
come large [24]. Therefore, at low Q2 one needs both the
deuteron and 3He data to ensure a reliable neutron ex-
traction. Nuclear effects in the deuteron are weaker, but
there is an unsuppressed contribution from the proton.
On the other hand, 3He is more tightly bound, but the
polarized proton contribution is largely suppressed. Con-
sequently, the uncertainty due to nuclear effects is mostly
of different origin in the deuteron and 3He, which makes
the two nuclei complementary. The agreement between
the deuteron and 3He results is also encouraging for the
interpretation of the low Q2 3He and the deuteron data
(Q2 > 0.015 GeV2) that will be available shortly respec-
tively from Jefferson Lab’s Hall A [25] and B [26]. The
data also agree well with the SLAC and HERMES exper-
iments and with the two phenomenological models shown
in Fig. 1. The model of Burkert and Ioffe [31] (contin-

uous black curve) is a meson-dominance-based extrapo-
lation of DIS data supplemented by a parametrization
of the resonance contribution. The other model (Soffer-
Teryaev [32], dashed red curve) uses the smoothness of
g1 + g2 with Q2 to extrapolate DIS data at lower Q2.

At moderate Q2, we observe a strong variation of the
Bjorken integral, in contrast to the high Q2 region. To-
gether with our data at the lowest Q2 points, the kine-
matic constraint Γ1 → 0 when Q2 → 0 suggests a small
Q2-dependence of Γp−n

1 at low Q2 as well. This would
agree with the fact that the Γ1 slope at Q2 ≃ 0 is given
by the generalized GDH sum rule which predict a small
Q2-dependence.

At low Q2 the data are consistent up to Q2≃ 0.2 GeV2

with the χPT calculations of Bernard et al. [33] and up
to Q2≃0.35 GeV2 for those of Ji et al. done in the heavy
baryon approximation [34]. The range of validity of the
χPT calculations seems larger than of individual nucle-
ons [9], [22] possibly because the ∆1232 resonance is sup-
pressed in the Bjorken integral [35]. This result, however,
is not trivial: Good agreement was expected between δLT

and χPT results since the ∆1232 is strongly suppressed
at low Q2 for δLT . However, its measurement for the
neutron [27] disagrees strongly with χPT calculations.

To quantitatively compare with χPT calculations, we
fit our results up to a maximum Q2 ranging from 0.30
to 0.50 GeV2 (fits on lower Q2 ranges are imprecise, and
higher Q2 data may lie out of the region of validity for
χPT ). We included the data from Ref. [8] in the fit. Our
fit form is:

Γp−n
1 =

κ2
n − κ2

p

8M
Q2 + aQ4 + bQ6 (2)

in which κ is the anomalous moment of the nucleon and
a and b are fit parameters. The first term in Eq. 2 stems
from the Gerasimov-Drell-Hearn sum rule [9]. We find
a = 0.80 ± 0.07(stat) ± 0.23(syst) and b = −1.13 ±
0.16(stat)±0.39(syst) with χ2/dof = 1.50. The Q4 term
agrees well with the results from Ji et al. (a = 0.74) but
not with those of Bernard et al. (a = 2.4). The fit un-
derscores the importance of the Q6 term (not calculated
yet in χPT ). This was also noticed for Γp

1 and Γd
1 [22].

At high Q2, the leading twist pQCD calculation is
given by the bracket term of Eq. 1 and is represented by
the gray band in Fig. 1. It agrees reasonably well with the
data. This implies that the total higher twist contribu-
tion is relatively small even down to Q2 ≈ 1 GeV2 where
one would expect higher twist contributions to be signif-
icant. Higher twists, which measure parton correlations,
are weighted by 1/Q(t−2) (with t being the twist number)
and are related to the confinement mechanisms and to
scattering off coherent quarks. Because of these reasons,
it was initially expected that higher twists would play an
important role at Q2 . 1 GeV 2. Higher twists can be
positive or negative but there is no fundamental reason
to expect a well-tuned cancellation of different terms in

Γp−n
1 =

(κ2
n−κ2

p)Q2

8M2 + 0.62 Q4

M4 − 0.77 Q6

M6 + . . .

Ji et al.: HBChPT O(p4)

Bernard et al.: Lorentz inv. BChPT O(p4)
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Figure 3: Predictions for the structure function S̄1(0, Q2) with the elastic intermediate state subtracted in units
of GeV−2. The solid lines show the fourth order (one–loop) result whereas the bands given by the dashed lines
refer to the one–loop plus resonance (delta Born graphs and vector meson) results. Left (right) panel: Proton
(neutron).
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Figure 4: Prediction for the moment Γp
1(Q

2). The solid lines show the fourth order (one–loop) result whereas
the bands given by the dashed lines refer to the one–loop plus resonance (delta Born graphs and vector meson)
results. No N∆γ form factor was used.
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loop corrections f (Q2/m2
π)

vector mesons (and ∆(1232)) effects
are large and model-dependent
predictions at Q2 = 0.1GeV2 differ by
large factor

Q6 and 2-loop . . .



The Burkhardt-Cottingham Sum Rule: I inel
2 = −I el

2 ???

I n,inel
2 (Q2)

data: E94-010
∗ BC sum rule at Q2 = 0

lines: BC sum rule (–··–··–)
MAID one-pion (– – –)
Bernard 2003 (· · ··)

Kao 2003 (– · – · –)

Γn
2(Q

2)

for COMPASS (at Q2 = 3 GeV2) and ∆Σ ≈ 0.33 ± 0.04 for HERMES (evaluated at Q2 = 5 GeV2).
These numbers are somewhat higher than most recent NLO analyses (see Section 2.5), but in agreement
with similar analyses by other experiments. All results on Γ1 point towards a negative contribution
to the integral from strange quarks and antiquarks of order ≈ −0.1, while semi-inclusive results from
HERMES [45, 102] are consistent with ∆s ≥ 0 in their measured range, see Sections 2.3,2.5.

3.3 The BC and ELT Sum Rules

While the first moment of g1 depends on Q2 and changes significantly from the DIS region to the real
photon point, the Burkhardt-Cottingham sum rule for the first moment of g2 should apply at all values
of Q2 > 0, as long as the elastic contribution is included in the integral. It can therefore be tested both
by DIS data and at lower Q2, where a significant contribution to the integral comes from the nucleon
resonance region.

The SLAC E155 data discussed in Section 2.6 yielded a first test of the sum rule for the proton and
the deuteron. The data were integrated over the measured region, 0.02 < x < 0.8 at Q2 = 5 GeV2. The
contribution from the unmeasured large-x region is negligible. For the low-x expansion, one can use the
assumption that g2 follows the Wandzura-Wilczek form (Eq. 80) which yields a result independent of
our knowledge of g1 below x = 0.02. Under these assumptions, E155 found the integral for the proton
to be −0.022 ± 0.008 and that for the deuteron as −0.002 ± 0.011, after averaging with the data from
E143. While the proton result appears to be inconsistent with the BC sum rule at the 2.75σ level,
any firm conclusion depends strongly on the behavior of g2 at small x which is not known with enough
precision and may not follow the Wandzura-Wilczek form.

The same data were also used to estimate the value for the ELT integral (Eq. 90) using the approx-
imation given in Eq. 91, with the neutron structure functions inferred from the measured proton and
deuteron ones. The integral over the measured region is consistent with the expected value of zero,
within errors of ±0.008. Here, the extrapolation to small x is less critical because of the extra factor of
x in the integral.
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Figure 36: Results for the BC sum Γ2(Q
2) for 3He [167] and the neutron [57]. The integrals

over the measured region (filled circles) are compared with MAID model calculations. Light
(dark) shaded bands indicate experimental (extrapolation) systematic errors.

The most extensive measurement of the BC sum rule at smaller Q2 comes from an experiment using
a longitudinally and transversely polarized 3He target in Hall A. The integral of Γ

3He
2 =

∫

g
3He
2 (Q2)dx

50

data solid circles: E94-010
(inelastic contribution W < 2GeV)
open circles: elastic contribution added
diamonds: DIS added

line: MAID one-pion —–

K. Slifer et al, arXiv: 0812.0031 ⇒ Γp
2(1.33) = 0.0003± 0.0007± 0.0041



Generalized Spin Polarizabilities

γp
TT (Q2) Q6

16αM2 γ
p
TT (Q2)

5

The fit results for the proton, b = 4.31±0.31 (stat) ±1.36
(syst), and for the deuteron, b = 3.19± 0.44 (stat) ±0.68
(syst), are both consistent with the Q4 term predicted
by Ji et al. [18]. The fit (labelled “Poly Fit”) is shown
in the right-hand panels of Figs. 1 and 2 along with Ji’s
prediction. Clearly the Q6 term becomes important even
below Q2 = 0.1 GeV2 and this term needs to be included
in the χPT calculations in order to extend the range of
their validity beyond roughly Q2 = 0.06 GeV2. The χPT
4th order (one-loop), relativistic calculation by Bernard
et al. [17] is also shown in Figs. 1 and 2. Not shown is the
result from Bernard et al. that includes an estimate of the
∆(1232) and vector meson degrees of freedom, which are
important at low Q2. That result has large uncertainties
and is consistent with our data.
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FIG. 3: Generalized forward spin polarizability γp
0

as a func-
tion of Q2 for the full integral (closed circles), the measured
portion of the integral (open circles) and Q2 = 0 [44] (trian-
gle). The systematic error on the measured (grey) and un-
measured (dark) contributions are indicated by bands. χPT
calculations [17, 45] are shown along with MAID 2003 [46].
The data shown on the right are weighted by Q6/(16αM2).

Fig. 3 shows the result for the generalized forward spin
polarizability of the proton γp

0 (Q2). Since γ0 is weighted
by an additional factor of x2 compared to Γ1, the inte-
gral is mostly saturated by the ∆(1232) resonance and
uncertainties due to the low-x extrapolation are greatly
reduced. The MAID 2003 [46] model follows the trend of
the data but lies systematically below them. The MAID
model is consistent with our data for A1 in the ∆ reso-
nance region, but MAID inclues only single-pion produc-
tion channels, which leads to an underestimation of the
unpolarized structure function F1 entering the definition

of γ0.

Unlike Γ1, γ0 is not constrained at Q2 = 0 and is there-
fore a more stringent test of Chiral Perturbation calcula-
tions. The leading order heavy baryon χPT calculation
by Kao, Spitzenberg and Vanderhaeghen [45], shown by
the dotted line in Fig. 3, includes the ∆ resonance con-
tribution. Their 4th order calculation (dashed line) is
of opposite sign and shows no sign of convergence; nei-
ther calculation reproduces the trend or magnitude of the
data. The relativistic χPT calculation of Bernard, Hem-
mert and Meissner converges better at 4th order [17].
That calculation, including the resonance contribution,
is represented by the grey band in Fig. 3, and is also in
serious disagreement with the data. The ∆(1232) and
vector meson contribution is negative (around −2×10−4

fm4) and is consistent with the calculation by Kao et al.

at Q2 = 0, suggesting that the discrepancy at low Q2 is
mainly due to the non-resonance terms [47].

In the right-hand panel of Fig. 3, γp
0 is weighted by a

factor of Q6/(16αM2). For Q2 above 1.5 GeV2, the data
seem to plateau, although it is not possible to verify the
trend without data at higher Q2. At very high Q2, the
Q6-weighted γ0 converges to the 2nd moment of g1, a2,
which is expected to scale in the framework of OPE.

In summary, g1(x, Q2) for the proton and the deuteron
have been measured over a vastly expanded kinematic
range at low and intermediate momentum transfer, which
includes the entire resonance region and part of the DIS
regime. These measurements enable us to evaluate mo-
ments of g1 over a wider range in Q2, decreasing ex-
trapolation uncertainties. The first measurement of γp

0

has been reported along with a new precise mapping of
Γp

1 and Γd
1 down to lower Q2 than previously available.

At high Q2 we observe that Q6γp
0 levels off and we see

the expected trend toward DIS results in Γ1. It will be
interesting to extend these measurements to higher Q2

once the upgraded beam energy is available at Jefferson
Lab. At low Q2, the first moments of gp

1 and gd
1 exhibit

a change in the sign of the slope, to match the nega-
tive slope constraint from the generalized GDH sum rule,
and are consistent with χPT calculations for momentum
transfer values up to about 0.06 GeV2. It is important to
note, however, that these χPT calculations also assume
the validity of the GDH sum rule; a more sensitive test of
χPT calculations is γ0(Q

2). We observe that χPT calcu-
lations fail to describe our results for γp

0 , even for Q2 as
low as 0.05 GeV2. The χPT calculations are increasingly
being used to extract results from lattice QCD and it
is critical to understand their range of applicability [16].
Data for the isoscalar quantity γp

0 − γn
0 have also been

published by our collaboration and may give additional
guidance to future theoretical work in this area [48]. We
also look forward to results from new experiments at Jef-
ferson Lab, in which spin structure functions down to
Q2 = 0.01 GeV2 will provide a more stringent test of
χPT [28, 29, 30].

data: EG1b/CLAS (circles), Mainz (triangle)
lines: MAID one-pion (—–)

Kao (- - - - , · · · ·), Bernard (shaded)

γn
TT (Q2) and δn

LT (Q2)

Since they have an extra 1/ν2 weighting compared to the first moments, these integrals have less
contributions from the large-ν region and converge much faster, which minimizes the uncertainty due
to the unmeasured region at large ν.

Generalized spin polarizabilities have been evaluated with next-to-leading order χPT calculations [199,
189]. One issue in the χPT calculations is how to properly include the nucleon resonance contributions,
especially the ∆(1232) resonance. As was pointed out in [199, 189] , while γ0 is sensitive to resonances,
δLT is insensitive to the ∆ resonance.

0 0.1 0.2 0.3
Q

2
 (GeV

2
)

0.0

1.0

2.0

3.0

δ LT
 (

10
−

4  fm
4 )

  E94010
  MAID estimate
  Kao et al. O(p

3
)+O(p

4
)

  Bernard  et al.
  Bernard  et al. (VM + ∆)

−5.0

0.0

γ 0 
(1

0−
4  fm

4 )

Figure 41: Results for the neutron spin polarizabilities γ0 (top panel) and δLT (bottom
panel). Solid squares represent the results with statistical uncertainties. The light bands
represent the systematic uncertainties. The dashed curves represent the heavy baryon χPT
calculation [199]. The dot-dashed curves and the dark bands represent the relativistic baryon
χPT calculation without and with [189] the ∆ and vector meson contributions, respectively.
Solid curves represent the MAID model [172].

The first results for the neutron generalized forward spin polarizabilities γ0(Q
2) and δLT (Q2) were

obtained at Jefferson Lab Hall A [58]. The results for γn
0 (Q2) are shown in the top panel of Fig. 41.

The statistical uncertainties are smaller than the size of the symbols. The data are compared with a
next-to-leading order (O(p4)) HBχPT calculation [199], a next-to-leading order RBχPT calculation and
the same calculation explicitly including both the ∆ resonance and vector meson contributions [189].
Predictions from the MAID model [172] are also shown. At the lowest Q2 point, the RBχPT calculation
including the resonance contributions is in good agreement with the experimental result. For the HBχPT
calculation without explicit resonance contributions, discrepancies are large even at Q2 = 0.1 GeV2.
This might indicate the significance of the resonance contributions or a problem with the heavy baryon
approximation at this Q2. The higher Q2 data point is in good agreement with the MAID prediction,
but the lowest data point at Q2 = 0.1 GeV2 is significantly lower.

Results for γ0 on the proton has been recently submitted for publication [192]. They show significant
disagreement with both χPT calculations [199, 189]. An isospin separation of γ0 was performed and
discussed in Ref. [180]. The isoscalar (γp+n

0 ) and isovector (γp−n
0 ) combinations also disagree with χPT,

in spite of the fact that for the latter the contribution from the ∆(1232) resonance cancels.
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Figure 37: Results for d̄n
2(Q

2) from JLab Hall A [57, 62] and SLAC [41], together with Lattice
QCD calculations [170].

theoretical calculations. The MAID calculation represents the low-Q2 data rather well, probably due
to the x2-weighting which suppresses the contribution of higher mass final states.

A new precision experiment to measure dn
2 at an average Q2 of 3 GeV2 is planned in Hall A in early

2009 [173]. Further measurements [174] of dn
2 at constant Q2 ranging from 3 to 5 GeV2 are planned at

JLab after the 12 GeV energy upgrade.
The Hall C RSS experiment [80] measured g2 on the proton and the deuteron and extracted d̄p

2 =
0.0072±0.0017 at a Q2 value of 1.3 GeV2. A more comprehensive measurement of gp

2 and dp
2 is scheduled

in Hall C [175]. It will cover a wide Q2 range from 2.5 to 6.5 GeV2.
The higher-twist contributions to Γ1 can be obtained by a fit with an OPE series, Eq. (95), truncated

to an order appropriate for the precision of the data. The goal is to determine the twist-4 matrix
element f2. Once µ4 is obtained, f2 is extracted by subtracting the leading-twist contributions of a2

and d2 following Eq. (100). To have an idea how the higher-twist terms (twist-6 and above) affect the
twist-4 term extraction, it is necessary to study the convergence of the expansion and to choose the Q2

range in a region where µ8 term is not significant. This study is made possible only with the availability
of the new low-Q2 data from JLab.

Higher-twist analyses have been performed on the proton [176, 177, 178], the neutron [59] and the
Bjorken sum (p − n) [179, 180]. Γ1 at moderate Q2 was obtained from the JLab g1 data with details
described in Section 3.5. For consistency, the unmeasured low-x parts of the JLab and the world data
on Γ1 were re-evaluated using the same prescription [59]. The elastic contribution, negligible above
Q2 of 2 GeV2 but significant (especially for the proton) at lower values of Q2, was added using the
parametrization of Ref. [181]. The leading-twist term µ2 was determined by fitting the data at Q2 ≥ 5
GeV2 assuming that higher twists in this Q2 region are negligible. Using the proton (neutron) data
alone, and with input of a3(= gA) from the neutron beta decay and a8 from hyperon decay (assuming
SU(3) flavor symmetry), ∆Σ = 0.15 ± 0.07 for the proton analysis [176] and ∆Σ = 0.35 ± 0.08 for the
neutron analysis [59] were obtained. Note that there is a difference of nearly two standard deviations
between these two results; this difference presumably comes from the different data sets used for the
two analyses.

The fit results using an expansion up to (1/Q6) in determining µ4 are summarized in Table 2. The
extraction on p − n was performed twice: first [179] with the combined Hall A E94-010 neutron and
Hall B EG1A proton data and then the second time [180] with the EG1B proton and deuteron data. In
order to extract f2, shown in Table 3, the target-mass corrections a2 were evaluated using the Blümlein-
Böttcher NLO fit to the world data [133] for the proton and a JLab fit to the world neutron data, which
includes the recent high precision neutron results at large x [61, 62]. The d2 values used are from SLAC
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surprising agreement with MAID, looked even nicer in yesterday’s
talk of P. Savignon!
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