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Phase diagram of QCD
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Heavy lon collisions at RHIC
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Heavy ion collisions and elliptic flow

@ transv. section of the
collision of two gold nuclei

@ impact vector b determined
experimentally by ¢
distribution of particles

~13fm

@ pressure gradient is
greater in the (b, 2) plane

@ = excess of particles
produced in that plane
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Hydrodynamics, ideal and viscous
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Teaney '03; P. & U. Romatschke, ’07; Luzum, Romatschke, '08;
Heinz, Song '07; Dusling, Teaney '07

anisotropic flow incompatible with /s > 0.2
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Shear viscosity of ordinary substances
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from Kovtun, Son, Starinets PRL 94:111601,2005
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Shear viscosity of a dilute gas

® F/S—nV/L
@ the molecules flying through a
_F . horizontal slice have a longitudinal

momentum characteristic of their

- E surface of last scattering
L

N those moving | have greater longit.
S momentum than those moving 1

@ = transfer of longit. momentum from
top to bottom

Shiell

, o = cross-section

W=

n=

@ 7 is independent of the density for a dilute gas

@ bulk viscosity: ¢ o density  (requires 3-body collisions).
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Pure gauge theory vs. full QCD in LO PT
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Modes of linearized hydrodynamics

Macroscopic form of the energy-momentum tensor:

T = —Pg" + (e + P)u'u’ + AT™

AT = (A + &) + (G — OH O,u

@ u*is the velocity of energy-transport
@ 7, ( = shear and bulk viscosities respectively
o HW =uru — g, A, =09, — u,ulg
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Kubo formula for the shear viscosity

@ couple Ty;(x) to a small external velocity field v;(x)
@ switch off the external field = the system relaxes to equilibrium

@ the Kubo formula is a matching condition between the linearized
hydro. description and the linear response formalism of the QFT:

n = —lim,_o £ Im D}, ;,(w,0), D® the retarded correlator of Ti,

Dispersion relation and analytic continuation: (karsch, wyid, 's6)

° D$2,12(k) = _fdwwp( )

7k07l'6 )

Im DY 15(k) = —7p(k)

@ Dip 12(wn, k) = fdwp(”i") (the Euclidean correlator)

wlwp

D1212 T, k fO dw %ﬂjzﬂ (W,k); n = mlim,_op(w,0)/w

Harvey Meyer Energy-momentum tensor correlators and viscosity



The QCD energy-momentum tensor

Separating the traceless part ¢, from the trace part S for
gluons, denoted ‘g’, and quarks, denoted ‘',

T = 02,+00, + 50,,(05+0"),
21— ‘1‘5W,:a Fa _ Fa fa

g po' po pat vao

eiw = %Zﬂ/_]fDu Yr + 1/_}ny ’be - %&wiﬁ Dp7p¢f7
¢ = B(9)/(29) FiF. 0" =11 +ym(@I3brmuy

® D,=D, - D,

@ ;(9g) is the beta-function

@ vm(g) is the anomalous dimension of the mass operator
@ all expressions are written in Euclidean space.
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T,., on the lattice
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Cutoff effects in lattice perturbation theory

0.6
05| Xo= Lo/ 2 g
— 04 1
'g ® V — 2(T11 = To2) Ti1 — T22))piag
s 03 [ ]
=~ = O — 311 — T22) Tt — T22))elov
g‘: 0.2 ! v ]
O !
0.1 , % 1 ® = (T12T12)clover
. g &
0 i@ N=8 N6 N=4
‘ AL ‘ ‘ .
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

(17N>
@ clover & plaquette discretizations have comparable cutoff effects

@ N; > 8is mandatory
@ use these results to remove treelevel cutoff effects on non-pert. correlators.
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Perturbative cutoff effects: anisotropic lattice

0.2 ‘
Xg=Lg/2
1/(Tay) =8
(&)
<01t = |
IS
8 1
(@) O — 2 {(T11 = T22) Ti1 — T22))clov
= b3
\LZ-)/ 0 4 ® — (T12T12) clover
8 8 1/(Tag) = 16
&=3 =2 =1
‘ t f
_0.1 i I I
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/83

@ for fixed Lg/a-, £ = 2 or 3 is optimal
@ (N, =16,£ = 2)is as good as (N, = 16, £ = 1) and saves a factor 8
in the spatial volume.
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The finite T Euclidean correlators (N, = 8,

(Ti2T12)c (0 0)c
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@ near-conformal behaviour in one channel,
large deviations in the other

@ small errors thanks to multi-level algorithm (HM '03)

Harvey Meyer Energy-momentum tensor correlators and viscosity



Taking the continuum limit
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@ ...tree-level improvement works well.
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Reconstructing the dinosaur
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Expected form of the spectral functions

B0, T=0) B(wT=2Tc) PleT=00)
4
w
/‘ﬁl
‘:I' WGeV i WGeV i WGeV
Free theory: ’ Puv,po(W) = (Tuw Tpo)

@ pr212(w, T=0)= ()2w4

@ ppo(w, T =0) = (Ugste)® - do 8

® prziz(w. T) = 10(? )2 tanh =T (5 ) daT* wi(w)

4

d 11a;sN,
@ poo(w, T)= 4(4:\;)2 ( gfsr c) tarm

= -
4T

Harvey Meyer Energy-momentum tensor correlators and viscosity



The reconstructed spectral functions (2007)

plw) = m(w)[1 + >0, cote(w)], m(w > T) as predicted by PT

(Ti2aTi2)e (N, =8, (=1)

1 T T
P(w) K(xg=1/2T,w)/T

7 [T=165T,
g

FT=1.4T,

(0 6)c (N-=12, {=1)

pe(@)(Tsinh(w/2T))

0 5 1 15 2 2 0 5 1 15 o
@ /T3 =7 x intercept @ (/T3 =({ x intercept)

2
. increasing for T — T,
@ black curve = normalized 9 ¢

N = 4 SYM spectral function. @ black curve = §(0, w)
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2007 Results

LHC

0.8

b RHIC N/s[0704.1801] —e—
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Perturbative and AdS/CFT calculations:

0.484 1.250% —
nfs, /s = waTbe0s8ay wegdeesay  Nr=0PT
1/(4n) 0 N =4 SYM.

Arnold, Moore, Yaffe '03; Arnold, Dogan, Moore '06;

Policastro, Son, Starinets '01; Kovtun, Son, Starinets ‘04
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The (66) correlator at T = T;(1 + ¢) in SU(2)

Hubner, Karsch, Pica; see C. Pica’s talk

L o 1T=1/2| |
50 y
A 1T=1/4 e ©0%00
L J 30 ] ©>-0G,
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£ ]
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gty B gy B8 g B * v
= 8-z88 ?E%S 8882 8 & @
] 0
. 0.95 1 1.05 11 115
P T S S e S U Y NN | TT
8.92 0.94 0.96 0.98 1 1.02 104 1.06 108 11 c
TIT,

@ beautiful confirmation of the 3d Ising class critical behavior

@ what happens to ¢ at the phase transition is still an open
question.
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Coming back to the (T12 T12) correlator
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@ due to the large UV contribution, the Euclidean correlator is not
very sensitive to interactions. ..
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Universal properties of spectral functions

Ward Identities: if g = (0,0,q), 9,T,, =0 =

4

q -

poo,00(w,d) = J033733(W,Q) = Poopo(waq)w’\’oo CI4
CI2 w—00 2 2

po1,01(w,q) = ﬁﬂ13,13(W,Q) = po1o1(w,q) "~ gw

Hydrodynamics prediction at small (w, q):

_ po1,01(w,d) wg—0 7 s
shear channel: ————~ '~ 5 - -
W Tw? + (1g°/(e + P))
‘ o p00,00(w, d) wg—0 T (e + P)g*
sound channel: —— 2 7L T =2 : 7
“ ™ (w2 — VEGR)P + (TewqP)?

an+¢_ g+
e+ P Ts

rS:

for a derivation see D. Teaney, 2006
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Sound channel spectral function poo oo(w, q)

1 -3 - 1
3 s= 4855’ TrS — 37

Free spectral function pyg odw)

free q=0.5 2nT
free q=0.3 2nT

Hydrodynamics spectral function pgg od) — Hydro Spectral fu nctlon :
35
hydro g=0.3 (2nT) 2
= 3 hydro g=0.5 (2mT) VS -
3 25
=
5 2
T
= 15
Z 1
3
E 05 1.8
0 L
0 1 2 3 4 5 6 - 16
w/T K
w0 3
=
[
8 8
+
6 <
k-]
4 Z
g
2 g
0.5 1 15 0

strongly coupled N = 4 SYM

# for g/(2xT) = 0.3,0.6,1.0,1.5

(Kovtun, Starinets 2006)

SU(N;) gauge theory (HM, 2008)
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Asymptotic behavior of pgo oo(w)

asymptotic behavior

small w: 2 tanh(&) s (e+P)g*
(w2 —VEq2)2+(Tswg?)?
large w: gqu4
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ﬁ(wv q, T) =
2 tanh(&) s (e+P)g*
(P V2 H(Tswa?)?

4
walstanh gy -tanh?w/2T

(1 —tanh?w/2T)

—+
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Ansatz: remarks

A(w q, T) =
2 tanh(£)Ts (e+P)q
(= v2q2) +(Tswg?)?

d w
249 tanh g - tanh?w/2T

- (1 —tanh?w/2T)

—+

thermodynamics known =- only one free parameter, I's (!)
the tanh? are arbitrary, but for small enough g, it will not matter
caveat: the behavior for w ~ Ayg ~ T is not known

we know that the sound peak dominates the Euclidean
correlator C(xo ~ 2T, q) for sufficiently small g

it is assumed that d—qg C(57.q = 0) is also dominated by the
sound peak rather than the w =~ T region.

it is at least true at weak coupling and in strongly coupled SYM.
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Energy density two-point function

C(%,=1/(2T), q) / dp

2.8 T T T T T T T T

26 — 47215 T=1.27 TC —
2.4 é T=149 T, —o— |
2.2 ] T=252T, —— 1

2, . free theory

1.8 + *s
i
1.6 e
1.4 N’;;, s
1.2 .

11 . -
0.8 I : o
06 Il Il Il Il Il Il Il Il

0 01 02 03 04 05 06 07 08

(qgf 21T )?
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Sensitivity to I'g

C(xo=1/(2T), q)/ dp

26 |

2.4 ¢
free theory

22 Trg=50 ——
Tre=2.0 ——
2 Trg=08 ——
Tr=04 ——

18 | Trg=02 —— i
=01 ——

1.6 f Tr.=0.05 I

0 001 0.02 0.03 004 0.05 0.06 007 0.08
(qgf 21T )?



Fitting the small momenta (7 = 1.277;,12 x 48% ¢ = 2)

2.3
2.2

2.1

1.9
1.8
1.7

1.6

C(xo=1/(2T), q) / dy

T=1.27 T, — o
fit: Tr=0.15(10) ]
Tr=0.35

0

0.01 0.02 0.03 0.04 005 0.06 0.07 0.08
(q/ 2T )?

@ used v2 = 0.263(18) [Boyd. et al ‘96, CPPACS 01], 5 = 4.54(14)
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Conclusions

@ the observed strong dynamics at RHIC calls for a
theoretical understanding of transport coefficients
beyond PQCD = lattice QCD

© subpercent-level precision gluonic correlators have been
achieved thanks to multi-level algorithm, variance-reduced
discretizations of T,,, treelevel improvement and
anisotropic lattices

© new method based on the energy density correlator at
0 < q <« 2nT (sound channel) =
the functional form of p is largely known a priori

4
Q preliminary result: TsT = 2"° = 0.15(10) at 1.3T,

s =

© hopefully soon: prediction for the LHC.
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Backup slides
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The “inverse problem”: solving for p(w)

Given C; = [;© dwp(w)% (i=1,...N), reconstruct p(w).

@ our estimator for p: p(w) = M(w)[1 + aw)], Aw) = S0, Cete(w)

m(w) > 0; m(w > T) has the correct perturbative behavior

@ basis u, determined by singular-value decomposition of
M(xo,w) £ K (X0, w)m(w): M = UwV", uy(w) =columns of U

@ we are only able to reconstruct a 'fudged’ version of the genuine a(w):

A(w) = [d(w,w)aw)dw’  d(w,w') = SN, u(w)ue(w').

() g(w, w') is called the resolution function (how complete is the basis?)
@ we would like the resolution function to resemble a delta-function.

Backus & Gilbert, (geophysics, 1968)
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Spectral functions at finite q in free theory .z

Perturbative thermal spectral functions

o
w

0.25

o
[N

0.15

o
[

0.05

[p(w, q, T)/tanh(w/ZT) - p(w’qvo)]

1

daT4

w/T

2 J—
e 0.7 0) - (1)} S92
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Correlators in the confined phase

Treelevel Improved Correlatorsat T=T /2 (3=6.2, 204)

P’ <TpTp> —v—
100000 ¢ <fB> —o— |4
B 2" contrib
10000 | Ty 0"+0™* contrib. - ||
v
1000 | M :
o
..
100 + e 1
v RS e
10 ‘ ‘ +. ‘ ‘
0 0.1 0.2 0.3 0.4 0.5

TXxg

@ in the scalar channel, the two stable glueballs almost saturate
the correlator beyond 0.5fm

@ calculation made possible by the multi-level algorithm (HM '03)
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Correlators in the confined phase

Treelevel Improved Correlators at T=T /2 (204, 284)

..‘ ‘<T12T12‘> _V_‘
100000 o <66> —e— |1
<TiTp> —v—
Xy <00> —o—
10000 | it 2% contrib. ]
"o 0"*+0"** contrib.
1000 } ‘o ® ]
A\ v-._.(Do____.
.
100 | R i
17' Rt S
10 ‘ ‘ 2 ‘ |
0 01 0.2 0.3 0.4 05
TXxg

@ in the scalar channel, the two stable glueballs almost saturate
the correlator beyond 0.5fm

@ calculation made possible by the multi-level algorithm (HM '03)
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Spectral functions in free theory: analytic expressions

For a polynomial P, define

(P}, w, q, T) = 0(w—q) /01 gy @) sinhgz P(z) sinh 3% o(g- w)/ P(z) sinh %%

cosh 52 — cosh = % osh ﬂ - cosh 2

Then, for instance,

HasN:\? d
p@,@(w7qa T) = < 6; C) 4(4:\1_)2 (wz_qz)z I([1]7w7q) T)a

ﬂ o sinh(w + q)/4T
q sinh|w — q|/4T

(1w, q, T) = —ge(q—w) +

@ in all other channels, spectral function is a linear
combination of polylogarithms

HM, 2008
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Lattice perturbation theory

The “clover” discretization of T, :

foo(x) = ;2 ReTr { Zir (g0, 60) Y For(x)? = Zao (g0, €0) D Fua(x)?}.
0 k

k<l

Perturbation theory on the anisotropic lattice:

&y e (Fa,(0)F2,(0) F25()F25(¥) o
y

B % s d3p
a a J_x (2m)3

[(guua,ﬁ’(pv T)‘%po'y&(p +4q, T) + Qzuu'yé(pv T)(gpaa,ﬁ’(p +4q, T)] s

where

- _ ™ dp() elPoT
¢uyaﬁ(p7 T) = 50/ o 52&2 T ‘32 X

cos?(p, /2) sinp,, sinpa + duay

Spt+da

[ uﬁ{o

~8,5E07 0 cos?(pu/2) sinpy sinpa — dualy

098 6082(p, /2) sinpy sinp
(7 (&}

8u+6 B

cos?(p, /2) sinp,, sin pg].
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Spectrum of the pure gauge theory

JF0 —
4 T} 4 GeV % ]
4 A D
S 3t I 133 ——
f R B F4 ——
.CE, 2 I -
= . 2GeV 6 ———
€ .
1t 1Gev 1 4D SU(3)
Glueballs

PC HM, Ph.D. thesis 04
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Expected form of the spectral function for n

p(w,T=0)

p(wT=2Tc)

p(w,T=00)

9N
€n

0.2

0.15

0.1

0.05

POY(PNSTY

AdSICFT ——
free

WGeV 1 WGeV

at T > T, perturbation theory

predicts a peak at w = 0 of width
O(asNT)

“strong coupling < smooth
spectral function”

“weak coupling <« spiky
spectral function”

in strongly coupled N' = 4 SYM,
p(w) is very smooth

p(w) for : nopeakatw =0 =
more favorable.
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Strategy |, pictorially

(Bp=p—pr=o+pip|

Ap(@T=2Tc) P(wT=2Tc) Plw,T=0) Pip (@)
3
&
= - / +
1 OGeV 1 WGev 1 WGev 1 OGeV
Treelevel Improved Correlatorsat T=TJ2 (3=6.2, 204)
L ‘ ‘ ‘<T12 T12‘> —
@ compute pr_o(w) 100000 f | <08> —e— ||
. 2™ contrib.
© compute the one-particle ool 07407 conrib. |
contributions to p(w), p1p .
© compute AC(x, T)=C(x0,T) — 1000l L ]
J dwK(wxo,w/ Tlpo(w) ~ pip(«)] v
Q AC = [ dwK(wxg, wlo)Ap(w) 100 ¢ . See
Q 1= 7p(w)/wlu—o " ‘ S S ‘
0 01 02 03 04 05
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Subtracting p(w,p # 0)

o q= (0707 q) ,012712((,(}, q, T= O) = %(uﬁ - q2)2
@ exploit the linearity of the problem
to cancel the w* contribution, e.g. via

° C(X07q = 0) - %C(X(hq) + %C(Xm 2q)

0.8 N =48Y P. Kovtun, A. Starinets '06
@ this inverse problem is better o6
conditioned
0.4
@ ifq = (0,0, q) large enough, 0.2

estimate p(w, p)/w|wu=o in PT (or

neglect it). NN
. . 0.2
@ ifq=(q,0,0), hydro predicts
-0 Finite-temperature part of the tensor spectral function

p(w,q)/wlw—0 = O S 4
(p(w) — po(w))/w, plotted in units of T“NZ 7" as a
function of w /27 T. Different curves correspond to values
of the momentum p/2# T equal to 0, 0.6, 1.0, and 1.5.
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Differences of p # 0 correlators

Tensor correlators (10x20°, £=2, clover discretization)

3¢ Cy(Xg, 0) - (4/3) Cy(Xq, p) HL/3)Cy(Xg: 2P) —=— |1
25 F [ Cy(Xg 0) - Co(Xg, P) —=— |1
2t CyiXp 0)/100 —— |]
15 F + T=149T. LT=4 1
11 p=(0,0,p3), p3 = TT/2 |
05 L A + + N
0 T ¢ ¢
-05 F ]
_1 Il Il Il Il
0.2 0.3 0.4 0.5
TxO
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Non-zero momentum correlators (anisotropic lattices)

(Tiz Ty2), 203 x 10, { =2 06), 163 x12, £ =2
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Perturbative and AdS/CFT calculations:
0.484 1.2503 o
n/s, (/s = 72aZ109(0.608/as)’ w2 Iog(4.0(§/a5) Ny =0 PT
1/(4m) 0 N =4 SYM.

Arnold, Moore, Yaffe '03; Arnold, Dogan, Moore '06;

Policastro, Son, Starinets '01; Kovtun, Son, Starinets ‘04
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Universal properties of spectral functions

Ward Identities: q = (0,0, q)

poo,00(w,q) = Fﬂ33,33(%°])

Hydrodynamics prediction at small (w, q):

roro1(w.d) wg-0 1 i
w 72+ (1G2/(c + P)2
Po0.00(«w, Q) w0 Ts(e+P) q'
w T (WP - VEQR)? + (Tswq?)?”

an+C_gn+g
e+ P Ts

rS:

Teaney, 2006
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