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Two  
important quantities: 

the measurable quantities 
  (differential cross section, 
    azimuthal asymmetries, 
    polarizations, ...  ... … ) 

Why do we need it?  How do we do it? 
collinear expansion  

hadronization 
(the FFs ... ) 

theoretical framework  

parton distribution  
functions (PDFs) 

hadron  
structure 

fragmentation 
function (FFs) hadronization 
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Ø  Introduction: theoretical framework for semi-inclusive DIS 
 

Outline 

Ø  Nuclear dependence of the TMDs and the azimuthal asymmetries. 

Ø  Summary and outlook 

l  un-polarized nuclear target; 
l  polarized nuclear target; 
l  a simple numerical estimation 

l  Collinear expansion in inclusive DIS                                and            
the gauge invariant parton distribution functions (PDFs); 

l  Collinear expansion in semi-inclusive DIS                                   ,      
the gauge invariant transverse momentum dependent (TMD) 
parton distributions and the azimuthal asymmetries. 

e− + N→ e− + q + X

e− + N→ e− + X
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Inclusive DIS and Parton Model 

Inclusive（单举）deep inelastic scattering (DIS) XeNe +→+ −−

Wµν (q, p) = 〈
X
∑ p | Jµ (0) | X〉〈X | Jν (0) | p〉(2π )

4δ 4 (p + q − pX )

The differential cross section： 
)(le−

)'(le−

)( pN X

γ *(q) −q2 =Q2

dσ = α em
2

sQ4
Lµν (l, l ')Wµν (q, p)

d 3l '
2E'

leptonic tensor hadronic tensor 

The hadronic tensor: 

|                |2  =

 

xB =
Q2

2q ⋅ p
,      y = q ⋅ p

l ⋅ p

 |M |2  M × M *

 M (eN→ eX) = 〈eX | Ŝ | eN〉  Ŝ = Te
i d4xĤ I (x )∫

 Ĥ I (x) = Jµ (x)A
µ (x)
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Inclusive DIS and Parton Distribution Functions 

Parton model: 

,'|'|| 〉〉=〉 kXX
〉=〉〉 ⋅− '|)'('|'|)( ' XekukXx xikψ

Wµν (q, p) = 〈 p | Jµ (0) | X〉〈X | Jν (0) | p〉
X
∑ (2π )4δ 4 (p + q − pX )

),()()( xxexJ ψγψ µµ =

Ĥµν (k,q) = γ µ ( /k + /q)γ ν (2π )δ + (k + q)
2( )

φ̂(k, p,S) = d 4z∫ eikz 〈 p,S |ψ (0)ψ (z) | p,S〉the matrix element 
the hard part 

Wµν (q, p,S) =
d 4k
(2π )4

Tr Ĥµν (k,q)φ̂(k, p,S)⎡⎣ ⎤⎦∫

|          |2 = |           |2 =
The hadronic tensor: 

information on the partonic structure of nucleon. 

We use: 

We obtain: 

l          is divided into two 
independent parts         and 

l            acts only on   

| X〉
| k '〉 | X '〉
| k '〉ψ (x)
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Inclusive DIS and Parton Distribution Functions 

fq (x) =
dz −

2π∫ eixp
+z− 〈 p |ψ (0)γ

+

2
ψ (z) | p〉Quark distribution function: 

Wµν (q, p) ≈ (−gµν +
qµqν

q2
) + 1
2xq ⋅ p

(q + 2xp)µ (q + 2xp)ν
⎡
⎣⎢

⎤
⎦⎥
fq (x)

The naïve parton model （部分子模型） 

φ̂(k, p) = p  f (x) + ...

ψ (z) = [
k
∑ a(k)u(k)e− ikz + b†(k)v(k)eikz ]

fq (x) = 〈 p | a†(x)a(x) + b†(x)b(x) | p〉

number density of quark and anti-quark. 

Leading twist: 

Wµν (q, p) =
d 4k
(2π )4

Tr Ĥµν (k,q)φ̂(k, p)⎡⎣ ⎤⎦∫

 neglecting power suppressed terms  ~ 1 /Q
this is equivalent to take p ≈ p+n,    k ≈ xp

x = k + / p+

)(
2
1

30 kkk ±=±

)0,1,0( ⊥=
!

n

)0,0,1( ⊥=
!

n

no local (color) gauge invariance! 
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Inclusive DIS with QCD interaction 

The parton density matrix: 

… 

To get the gauge invariance, we need the “multiple gluon scattering” 

+ + +( , , )W q p Sµν =

Wµν (q, p,S) =Wµν
(0) (q, p,S)+Wµν

(1) (q, p,S)+Wµν
(2) (q, p,S)+ ...

Wµν
(0)(q, p,S) = d 4k

(2π )4
Tr Ĥµν

(0)(k,q)φ̂ (0)(k, p,S)⎡⎣ ⎤⎦∫

Ĥµν
(0)(k,q) = γ µ ( /k + /q)γ ν (2π )δ + (k + q)

2( )

φ̂ (0)(k, p) = d 4z∫ eikz 〈 p |ψ (0)ψ (z) | p〉

φ̂ ρ
(1)(k1,k2 , p,S) = d 4z∫ d 4yeik1y+ik2 (z− y) 〈 p,S |ψ (0)gAρ (y)ψ (z) | p,S〉

Wµν
(1)(q, p,S) = d 4k1

(2π )4
d 4k2
(2π )4

Tr Ĥµν
(1)ρ (k1,k2 ,q)φ̂ ρ

(1)(k1,k2 , p,S)⎡⎣ ⎤⎦∫

Ĥµν
(1,L)ρ (k1,k2 ,q) = γ µ

( /k1 + /q)γ ρ ( /k2 + /q)
(k2 + q)

2 − iε
γ ν (2π )δ + (k1 + q)

2( )
The hard part: 

 Ĥ I (x) = Ĥ I
QED (x) + Ĥ I

QCD (x)

no  gauge invariance! 
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Inclusive DIS with QCD interaction 

Collinear approximation: 

Ĥµν
(1)ρ (k1,k2 ,q) ≈ Ĥµν

(1)ρ (x1,x2 )

Ĥµν
(0)(k,q) ≈ Ĥµν

(0)(x)

✪  Taking only the longitudinal component of the gluon field: 

Aρ (y) ≈ n ⋅ A(y)
pρ
n ⋅ p x = k + / p+

✪ Approximating the hard part at k =xp:  

✪  Using the Ward identities such as, 

so that all the hard parts reduce  the same              . 
  
pρ Ĥµν

(1,L)ρ (x1, x2 ) =
Ĥµν

(0) (x1 )
x2 − x1 − iε

)(
2
1

30 kkk ±=±

)0,1,0( ⊥=
!

n

)0,0,1( ⊥=
!

n

Ĥµν
(0)(x) ≡ Ĥµν

(0)(k = xp,q)

✪  Adding all the terms together 

Ĥµν
(1)ρ (x1,x2 ) ≡ Ĥµν

(1)ρ (k1 = x1p,k2 = x2p,q)

Ĥµν
(0)(x)



C. f. :  φ̂(k, p,S) = d 4z∫ eikz 〈 p,S |ψ (0)ψ (z) | p,S〉
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Inclusive DIS with QCD interaction 

 
Φ̂ (0)(k, p, S) = d 4z∫ eikz 〈 p,S |ψ (0)L(0, z)ψ (z) | p,S〉

 
Wµν
(0)(q, p,S) = d 4k

(2π )4∫ Tr Φ̂ (0)(k, p, S)Ĥµν
(0)(x)⎡⎣ ⎤⎦

 Wµν (q, p,S) ≈ !Wµν
(0)(q, p,S)

Un-integrated parton distribution/correlation functions:  
Contain QCD interactions, gauge invariant ! 

only leading twist contribution
 can be derived from it. 

gauge link 

  L (−∞, z) = Pe
ig dy−A+ (0,y− ,


z⊥ )

−∞

z−

∫

 L (0, z) = L†(−∞,0)L (−∞, z)

 
= 1 + ig dy−A+ (0, y− ,

!
0⊥ )

0

z−

∫ + (ig)2 dy−A+ (0, y− ,
!
0⊥ )

0

z−

∫ dy'− A+ (0, y'− ,
!
0⊥ )

0

y−

∫ + ...
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Inclusive DIS with QCD interaction 

Collinear expansion: 

Ĥµν
(1)ρ (k1,k2 ,q) = Ĥµν

(1)ρ (x1,x2 ) +
∂Ĥµν

(1)ρ (x1,x2 )
∂k1

σ ωσ
σ 'k1σ ' + . . . . . .

Ĥµν
(0)(k,q) = Ĥµν

(0)(x) +
∂Ĥµν

(0)(x)
∂k ρ ω ρ

ρ 'kρ ' + ......

✪  Decomposition of the gluon field: 
)()()( yAω

pn
p

yAnyA ρ'
ρ'
ρ

ρ
ρ +

⋅
⋅=

ωρ
ρ' ≡ gρ

ρ' − nρn
ρ'

x = k + / p+

Ellis, Furmanski, Petronzio, (1982) 
Qiu, Sterman (1990,1991) 

✪ Expanding the hard part at k =xp:  

✪  Using the Ward identities such as, 

to replace the derivatives etc. 
  
pρ Ĥµν

(1,L)ρ (x1, x2 ) =
Ĥµν

(0) (x1 )
x2 − x1 − iε

ωρ
ρ'kρ ' = (k − xp)ρ

)(
2
1

30 kkk ±=±

)0,1,0( ⊥=
!

n

)0,0,1( ⊥=
!

n
  

∂Ĥµν
(0) (x)

∂k ρ = − Ĥµν
(1)ρ (x, x),

Ĥµν
(0)(x) ≡ Ĥµν

(0)(k = xp,q)

∂Ĥµν
(0)(x)
∂k ρ ≡

∂Ĥµν
(0)(k,q)
∂k ρ

k=xp

✪  Adding all the terms with the same hard part together 
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Inclusive DIS with QCD interaction 

 
Φ̂ (0)(k, p, S) = d 4z∫ eikz 〈 p,S |ψ (0)L(0, z)ψ (z) | p,S〉

 
Wµν
(0)(q, p,S) = d 4k

(2π )4∫ Tr Φ̂ (0)(k, p, S)Ĥµν
(0)(x)⎡⎣ ⎤⎦

...),,(~),,(~),,(~),,( )2()1()0( +++= SpqWSpqWSpqWSpqW µνµνµνµν

 
Φ̂ ρ
(1)(k1 , k2 , p, S) = d 4z∫ d 4yeik1y+ik2 (z− y) 〈 p,S |ψ (0)L(0, y)Dρ (y)L(y, z)ψ (z) | p,S〉

 
Wµν
(1)(q, p,S) = d 4k1

(2π )4∫
d 4k2
(2π )4

Tr Φ̂ ρ'
(1)(k1 , k2 , p, S)Ĥµν

(1)ρ (x1,x2 )ωρ
ρ '⎡⎣ ⎤⎦

Un-integrated parton distribution/correlation functions:  
Contain QCD interactions, gauge invariant ! 

twist-2, twist-3 and twist-4 contributions 

twist-3, twist-4 and even higher twist contributions 

gauge link 

)()( ygAiyD ρρρ +∂−=

A consistent framework for inclusive DIS 
including higher twist contributions. 

 e + N → e + X
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Inclusive DIS with QCD interaction 

 
Φ̂ (0)(x; p, S) = d 4k

(2π )3∫ δ (k + − xp+ )Φ̂ (0)(k; p, S) = dz −∫ eixp
+z− 〈 p,S |ψ (0)L(0, z − )ψ (z − ) | p,S〉

 
!Wµν
(0)(q, p,S) = p+dx

2π∫ Tr Φ̂ (0)(x; p, S)Ĥµν
(0)(x)⎡⎣ ⎤⎦

...),,(~),,(~),,(~),,( )2()1()0( +++= SpqWSpqWSpqWSpqW µνµνµνµν

 
Φ̂ ρ
(1)(x1 , x2; p, S) = dz −∫ dy−eix1p

+ y− +ix2p
+ (z− − y− ) 〈 p,S |ψ (0)L(0, y− )Dρ (y

− )L(y− , z − )ψ (z − ) | p,S〉
 
!Wµν
(1)(q, p,S) = p+dx1

2π∫
p+dx2
2π

Tr Φ̂ ρ'
(1)(x1 , x2; p, S)Ĥµν

(1)ρ (x1,x2 )ωρ
ρ '⎡⎣ ⎤⎦

Integrated parton distribution/correlation functions:  
Contain QCD interactions, gauge invariant ! 

twist-2, twist-3 and twist-4 contributions 

twist-3, twist-4 and even higher twist contributions 

gauge link 

Dρ (y) = −i ∂ρ + gAρ (y
− )

A consistent framework for inclusive DIS 
including higher twist contributions. 

 e + N → e + X
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Inclusive DIS with QCD interaction 

Lesson I: Quark distribution is not merely 

+ + … +

i.e., it contains “intrinsic motion” and “multiple gluon scattering”. 

but  

Intrinsic transverse momentum and multiple gluon scattering always mix up 
with each other to give us the finally observed effects. 

“Multiple gluon scattering” is contained in the gauge link. 
Collinear expansion is the necessary procedure to establish the relationship 
between the differential cross section and the gauge invariant parton distributions. 

Lesson II: 

Collinear expansion leads to a formalism that can be used to study leading as 
well as higher twist contributions order by order in a systematic way.  
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From inclusive to semi-inclusive DIS: the TMDs 

From inclusive to semi-inclusive DIS: 

e−N→ e−hX

−e
−e

N
φ

σ̂

D

Much more can be studied ! 

 only longitudinal distributions such as,  

〉〈=
+−

−+

∫ pzψzψpedzxf zixp
q |)(),0(

2
)0(|

2
)( Lγ

π

〉〈=
+−

−+

∫ pzψzψpedzxf zixp
q |)(),0(

2
)0(|

2
)( 5 Lγγ

π
Δ

In semi-inclusive DIS   

  
fq (x,k⊥ ) =

dz −d 2z⊥
(2π )3∫ eixp

+z− −i
!
k⊥ ⋅
!
z⊥ 〈N |ψ (0)γ

+

2
L(0, z)ψ (z) | N〉

and many others can be studied. 

)(le−
)'(le−

)( pN X

γ *(q) −q2 =Q2

In inclusive DIS e−N→ e−X

 are studied.  

both longitudinal & transverse, i.e. the TMDs such as,   

  
Δfq (x,k⊥ ) =

dz −d 2z⊥
(2π )3∫ eixp

+z− −i
!
k⊥ ⋅
!
z⊥ 〈N |ψ (0)γ 5γ

+

2
L(0, z)ψ (z) | N〉
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Semi-Inclusive DIS with QCD interaction 

YES for e+N ! e + q (jet) + X !  

−e
−e

N
φ

σ̂

D ZTL & X.N. Wang, PRD (2007)； 
J.H. Gao, ZTL, X.N. Wang, PRC (2010); 
Y.K. Song, J.H. Gao, ZTL, X.N. Wang, PRD (2011); 
Y.K. Song, J.H. Gao, ZTL, X.N. Wang, PRD (2014). 

no fragmentation, simple and clear,  
collinear expansion can be applied! 

The first thing to do: 

hadron structure 
(the TMDs ... ) 

the measurable quantities 
(the differential cross section, 
the azimuthal asymmetries, ... ) 

collinear expansion in SIDIS？  

X '



 

Wµν
(1,si )(q, p,S,k ') = d 4k1

(2π )4∫
d 4k2

(2π )4 Tr
c=L,R
∑ [Φ̂ ρ'

(1)(k1 , k2 , p, S) Ĥµν
(1,c)ρ (x1,x2 ) ωρ

ρ']

 
Wµν
(0,si )(q, p,S,k ') = d 4k

(2π )4∫ Tr[Φ̂ (0)(k, p, S)Ĥµν
(0)(x)]
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Semi-Inclusive DIS with QCD interaction 

 
Φ̂ (0)(k, p, S) = d 4z∫ eikz 〈 p,S |ψ (0)L(0, z)ψ (z) | p,S〉

 
Φ̂ ρ
(1)(k1 , k2 , p, S) = d 4z∫ d 4yeik1y+ik2 (z− y) 〈 p,S |ψ (0)L(0, y)Dρ (y)L(y, z)ψ (z) | p,S〉

For semi-inclusive DIS e N e q X+ → + +
...)',,,(~)',,,(~)',,,(~)',,,( ),2(),1()0( +++= kSpqWkSpqWkSpqWkSpqW si

µν
si

µν
,si

µν
(si)
µν

 (2Ek ' )(2π )
3δ 3(

k '−

k −

q)

 (2Ek ' )(2π )
3δ 3(
!
k '−
!
kc −
!
q)

twist-3, twist-4 and even higher twist contributions 

A consistent framework for semi-inclusive DIS 
including higher twist contributions. 

e N e q X+ → + +

twist-2, twist-3 and twist-4 contributions 



 

!Wµν
(1,si )(q, p,S,k '⊥ ) = p+dx1d

2k⊥1

(2π )3∫
p+dx2d

2k⊥2

(2π )3 Tr
c=L,R
∑ [Φ̂ ρ'

(1)(x1,k⊥1 , x2 ,k⊥2; p, S) Ĥµν
(1,c)ρ (x1,x2 ) ωρ

ρ']

 
!Wµν

(0,si )(q, p,S,k '⊥ ) = p+dx
2π

d 2k⊥
(2π )2∫ Tr[Φ̂ (0)(x, k⊥; p, S)Ĥµν

(0)(x)]
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Semi-Inclusive DIS with QCD interaction 

  
Φ̂ (0)(x,k⊥; p, S) = dz −d 2z⊥∫ eixp

+z− −i
!
k⊥ ⋅
!
z⊥ 〈 p,S |ψ (0)L(0, z)ψ (z) | p,S〉

 
Φ̂ ρ
(1)(x1,k⊥1 , x2 ,k⊥2; p, S) = dz −d 2z⊥∫ dy−d 2y⊥e

ik1y+ik2 (z− y) 〈 p,S |ψ (0)L(0, y)Dρ (y)L(y, z)ψ (z) | p,S〉

For semi-inclusive DIS e N e q X+ → + +
...)',,,(~)',,,(~)',,,(~)',,,( ),2(),1()0( +++= kSpqWkSpqWkSpqWkSpqW si

µν
si

µν
,si

µν
(si)
µν

twist-3, twist-4 and even higher twist contributions 

A consistent framework for semi-inclusive DIS 
including higher twist contributions. 

e N e q X+ → + +

twist-2, twist-3 and twist-4 contributions 

 (2π )
2δ 2 (
!
k '⊥ −

!
kc⊥ )

 (2π )
2δ 2 (
!
k '⊥ −

!
k⊥ )



A complete twist-3 result for polarized 
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SIDIS e +p ! e + q + X : differential cross-section to 1/Q 

 
WUU (x,k⊥ ,φ ) = A(y) fq (x,k⊥ ) −

2x |
!
k⊥ |
Q

B(y) fq
⊥ (x,k⊥ )cosφ

 
WLU (x,k⊥ ,φ ) = − 2x |

!
k⊥ |
Q

D(y)g⊥ (x,k⊥ )sinφ

 
WUT (x,k⊥ ,φ ,φs ) =

|
!
k⊥ |
M

A(y) f1T
⊥ (x,k⊥ )sin(φ − φs ) +

2xM
Q

B(y) k⊥
2

2M 2 fT
⊥ (x,k⊥ )sin(2φ − φs ) + fT (x,k⊥ )sinφs

⎧
⎨
⎩

⎫
⎬
⎭

e(λl ) + N(λ ,S⊥ )→ e + q + X

dσ
dxdyd 2k⊥

= 2πα em
2

Q2y
(WUU + λlWLU + S⊥WUT + λlWLU + λlλWLL + λlS⊥WLT )

 
WUL(x,k⊥ ,φ ) = − 2x |

!
k⊥ |
Q

B(y) fL
⊥ (x,k⊥ )sinφ

 
WLL(x,k⊥ ,φ ) = C(y)g1L(x,k⊥ ) −

2x |
!
k⊥ |
Q

D(y)gL
⊥ (x,k⊥ )cosφ

 
WLT (x,k⊥ ,φ ,φs ) =

|
!
k⊥ |
M
C(y)g1T

⊥ (x,k⊥ )cos(φ − φs ) −
2xM
Q

D(y) gT (x,k⊥ )cosφs −
k⊥
2

2M 2 gT
⊥ (x,k⊥ )cos(2φ − φs )

⎡
⎣⎢

⎤
⎦⎥

Y.K. Song, J.H. Gao, ZTL, X.N. Wang, PRD (2014). 

A(y) = 1 + (1 − y)2

B(y) = 2(2 − y) 1 − y
C(y) = y(2 − y)
D(y) = 2y 1 − y
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SIDIS e +p ! e + q + X : differential cross-section to 1/Q2 

A complete twist-4 result for un-polarized 

[ ] φϕϕ 2cos),(~),(||)1(4 )1(
2

)1(
22

2

⊥⊥⊥⊥
⊥ −−− kxkxx
Q
ky
!

[ ] ⎟⎟⎠

⎞
⎜⎜⎝

⎛
+−−+ ⊥−⊥⊥⊥⊥

⊥ ),(2),(~),(||)1(8 )(2

22
)1(
2

)1(
22

2

kxf
Q
Mxkxkxx

Q
ky qϕϕ
!

[ ]
⎭
⎬
⎫

−+− ⊥⊥
⊥ ),(||)1(12 ),2(

22

2
2 kxx
Q
ky Lϕ
!

XqeNe ++→+

 

dσ
dxdyd 2k⊥

= 2πα em
2

Q2y
A(y) fq (x,k⊥ ) − B(y)

|

k⊥ |
Q
xfq

⊥ (x,k⊥ )cosφ +
⎧
⎨
⎩

Y.K. Song, J.H. Gao, ZTL, X.N. Wang, PRD (2011). 
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SIDIS e +p ! e + q + X : the involved TMDs up to twist-3 

 Φ̂
(0) = (γ αΦα

(0) + γ 5γ
α !Φα

(0) ) / 2 + ...

 
!Φα

(0) = − pα (λg1L −
k⊥ ⋅S⊥
M

g1T
⊥ ) + ε⊥αk g

⊥ − MS⊥α gT +
1
M

(k⊥αk⊥
β − 1

2
k⊥

2dα
   β )S⊥β gT

⊥ − λk⊥α gL
⊥ + ...

There are 12 TMDs involved here up to twist-3, and they are defined via 

Φα
(0) = pα ( f1 −

ε⊥
kS

M
f1T
⊥ ) + k⊥α f

⊥ − Mε⊥αS⊥
fT −

1
M

(k⊥αk⊥
β − 1

2
k⊥

2dα
   β )ε⊥βS⊥

fT
⊥ − λε⊥αk fL

⊥ + ...

  
Φ̂ (0)(x,k⊥; p,S) = dz −d 2z⊥∫ eixp

+z− −i
!
k⊥ ⋅
!
z⊥ 〈N |ψ (0)L(0, z)ψ (z) | N〉

Twist-2: f1,   f1T
⊥ ;   g1L ,   g1T

⊥

Twist-3: f ⊥ ,   fT ,   fT
⊥ ,   fL

⊥;   g⊥ ,   gT ,   gT
⊥ ,   gL

⊥

Spin independent: f1,   f ⊥;   g⊥

Longitudinal spin independent: fL⊥;   g1L ,   gL
⊥

Transverse spin independent: f1T
⊥ ,   fT ,   fT

⊥;   g1T
⊥ ,   gT ,   gT

⊥

(4)
(8)

(3 = 1 + 2)

(6 = 2 + 4)

(3 = 1 + 2)
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SIDIS e +p ! e + q + X : Azimuthal asymmetries 

At the leading  twist (twist-2): 

Take g=0, i.e., take away the effects of  “multiple gluon scattering”, we have,  

 
sin(φ − φs ) UT = S⊥

|
!
k⊥ |
2M

f1T
⊥ (x,k⊥ )
fq (x,k⊥ )

 
cos(φ − φs ) LT = λlS⊥

|
!
k⊥ |
2M

C(y)
A(y)

g1T
⊥ (x,k⊥ )
fq (x,k⊥ )

f1T
⊥ (x,k⊥ ) g=0 = 0

g1T
⊥ (x,k⊥ ) g=0 = 0 cos(φ − φs ) LT g=0

= 0

sin(φ − φs ) UT g=0
= 0

hp
!

*γ

−e

⊥hp
!

z
x

−e φs
 

SN

φ
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SIDIS e +p ! e + q + X : Azimuthal asymmetries 

 
sinφ LU = λl

|
!
k⊥ |
Q

D(y)
A(y)

xg⊥ (x,k⊥ )
fq (x,k⊥ )

g=0⎯ →⎯ 0

sin(2φ − φs ) UT = S⊥
k⊥
2

MQ
B(y)
A(y)

xfT
⊥ (x,k⊥ )
fq (x,k⊥ )

g=0⎯ →⎯ 0

Twist-4: 

 
cosφ UU = − |

!
k⊥ |
Q

B(y)
A(y)

xf ⊥ (x,k⊥ )
f1(x,k⊥ )

g=0⎯ →⎯ − B(y)
A(y)

|
!
k⊥ |
Q

 
cos2φ UU = − |

!
k⊥ |

2

Q2
C(y)
A(y)

x ϕ⊥2 (x,k⊥ ) − "ϕ 2⊥ (x,k⊥ )[ ]
fq (x,k⊥ )

g=0⎯ →⎯ − |
!
k⊥ |

2

Q2
C(y)
A(y)

sinφs UT = S⊥
2xM
Q

B(y)
A(y)

fT (x,k⊥ ) −
k⊥
2

2M 2 fT
⊥ (x,k⊥ )

fq (x,k⊥ )
g=0⎯ →⎯ 0

Twist-3: 

 
cosφ LL = − |

!
k⊥ |
Q

B(y)xf ⊥ (x,k⊥ ) + λlλD(y)gL
⊥ (x,k⊥ )

A(y) f1(x,k⊥ ) + λlλC(y)g1L(x,k⊥ )
g=0⎯ →⎯ − |

!
k⊥ |
Q

B(y) f1 (x,k⊥ ) + λlλD(y)g1L(x,k⊥ )
A(y) f1(x,k⊥ ) + λlλC(y)g1L(x,k⊥ )
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SIDIS e + A èe + q + X : Nuclear dependence 
Replace N by A, i.e., consider e + A  è e + q + X,  we obtain 
the same results as long as we replace the TMDs in N by the corresponding TMDs in A.   
E.g.:  

 
sin(φ − φs ) UT

eA = S⊥A
|
!
k⊥ |
2M

f1T
⊥A(x,k⊥ )
fq
A(x,k⊥ )  

cos(φ − φs ) LT
eA = λlS⊥A

|
!
k⊥ |
2M

C(y)
A(y)

g1T
⊥A(x,k⊥ )
fq
A(x,k⊥ )

 
sinφ LU

eA = λl
|
!
k⊥ |
Q

D(y)
A(y)

xg⊥
A(x,k⊥ )
fq
A(x,k⊥ )

sin(2φ − φs ) UT
eA = S⊥A

k⊥
2

MQ
B(y)
A(y)

xfT
⊥A(x,k⊥ )
fq
A(x,k⊥ )

 
cosφ UU

eA = − |
!
k⊥ |
Q

B(y)
A(y)

xfq
⊥A(x,k⊥ )
fq
A(x,k⊥ )

  
fq
A(x,k⊥ ) =

dz −d 2z⊥
(2π )3∫ eixp

+z− −i
!
k⊥ ⋅
!
z⊥ 〈A |ψ (0)γ

+

2
L(0, z)ψ (z) | A〉

Only vector polarization part of A is considered:                        in the rest frame of A.  SA = (0,
!
SA)
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SIDIS e + A èe + q + X : Nuclear dependence of the TMDs 

Replace N by A, the gluons can connect to different nucleons in A.  

Gauge link comes from:  

+ +…+ … +… 

Nuclear enhancement 
Transverse momentum broadening 
Transverse momentum broadening should be contained
 in the gauge link 

ZTL, X.N. Wang & J. Zhou, PRD (2008); 
J.H. Gao, ZTL, X.N. Wang, PRC (2010); 
Y.K. Song, J.H. Gao, ZTL, X.N. Wang, PRD (2011); 
Y.K. Song, J.H. Gao, ZTL, X.N. Wang, PRD (2014). 
Y.K. Song, ZTL, X.N. Wang, PRD (2014). 
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SIDIS e + A èe + q + X : Nuclear dependence of the TMDs 

Gauge link comes from:  

+ +…+ … +… 

Replace N by A, the gluons can connect to different nucleons in A.  

Nuclear enhancement 
Transverse momentum broadening 
Transverse momentum broadening should be contained
 in the gauge link 

ZTL, X.N. Wang & J. Zhou, PRD (2008); 
J.H. Gao, ZTL, X.N. Wang, PRC (2010); 
Y.K. Song, J.H. Gao, ZTL, X.N. Wang, PRD (2011); 
Y.K. Song, J.H. Gao, ZTL, X.N. Wang, PRD (2014). 
Y.K. Song, ZTL, X.N. Wang, PRD (2014). 
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Transverse momentum broadening in nucleus 

We take the “maximal two gluon approximation”: 

 
fq
A(x,k⊥ ) = A

π  Δ2F

d 2l⊥∫ e− (
!
k⊥ −
!
l⊥ )2 /Δ2F fq

N (x, l⊥ )

… 

0

2

|)]()[(2)(ˆ == x
N
gN

A
N

c

s
NF xxf

N
q ξραπξ

∫ −= )(ˆ2 NFNF qdΔ ξξ transverse momentum broadening squared 

gluon distribution function in nucleon N 

… 

either zero or two  gluons are connected to one spectator nucleon.   

quark transport parameter in A 

number density of nucleon in nucleus A 

A direct consequences of the “multiple gluon scattering” in the gauge link!   



Nuclear dependence of the TMDs: unpolarized 
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Under the “maximal two gluon approximation”:  

 
fq
A(x,k⊥ ) ≈ A

π  Δ2F

d 2l⊥∫ e− (

k⊥ −

l⊥ )2 /Δ2F fq

N (x, l⊥ )

 
k⊥

2 f ⊥A(x,k⊥ ) ≈ A
π  Δ2F

d 2l⊥∫ e− (

k⊥ −

l⊥ )2 /Δ2F (k⊥ ⋅ l⊥ ) f ⊥N (x, l⊥ )

 
k⊥

2 g⊥A(x,k⊥ ) ≈ A
π  Δ2F

d 2l⊥∫ e− (

k⊥ −

l⊥ )2 /Δ2F (k⊥ ⋅ l⊥ )g⊥N (x, l⊥ )

Un-polarized A:  



Nuclear dependence of the TMDs: unpolarized 
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An example:  

 
fq
A(x,k⊥ ) ≈ A

π (α + Δ2F )
 fq

N (x) e−
!
k⊥

2 /(α +Δ2F )

 
f ⊥A(x,k⊥ ) ≈ A

π (β + Δ2F )
β

β + Δ2F

⎛
⎝⎜

⎞
⎠⎟

 f ⊥N (x) e−
!
k⊥

2 /(β +Δ2F )

take a Gaussian for the transverse momentum dependence 

 
g⊥A(x,k⊥ ) ≈ A

π ( !β + Δ2F )

!β
!β + Δ2F

⎛

⎝⎜
⎞

⎠⎟
 g⊥N (x) e−

"
k⊥

2 /( !β +Δ2F )

twist-2 distribution 

twist-3 TMDs, 

 
fq
N (x,k⊥ ) = 1

πα
  fq

N (x)  e−
!
k⊥

2 /α ,

 
f ⊥N (x,k⊥ ) = 1

πβ
  f ⊥N (x)  e−

!
k⊥

2 /β ,
 
g⊥N (x,k⊥ ) = 1

π !β
  g⊥N (x)  e−

"
k⊥

2 / !β

suppression factor! 



Nuclear dependence of the azimuthal asymmetries: unpolarizded 
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Under the Gaussian ansatz:  

cosφ UU

eA

cosφ UU

eN ≈ α
α + Δ2F

 

for the case that  α = β = γ

suppressed!  

cos 2φ UU

eA

cos 2φ UU

eN ≈ α
α + Δ2F

 ⎛
⎝⎜

⎞
⎠⎟

2

sinφ LU

eA

sinφ LU

eN ≈ α
α + Δ2F

 

hp
!

*γ

−e

⊥hp
!

z
x

−e φs
 

SN

φ

Another place to study the  
effects of “multiple gluon scattering” ! 



Nuclear dependence of the TMDs: longitudinally polarized 

30 Hadron2014，2014年7月　兰州 Nuclear dependence of TMDs 

Under the “maximal two gluon approximation”:  

 
g1L
A (x,k⊥ ) ≈ 2JA

π  Δ2F

d 2l⊥∫ e− (
!
k⊥ −
!
l⊥ )2 /Δ2F g1L

N (x, l⊥ )

 
k⊥

2 fL
⊥A(x,k⊥ ) ≈ 2JA

π  Δ2F

d 2l⊥∫ e− (
!
k⊥ −
!
l⊥ )2 /Δ2F (k⊥ ⋅ l⊥ ) fL

⊥N (x, l⊥ )

 
k⊥

2 gL
⊥A(x,k⊥ ) ≈ 2JA

π  Δ2F

d 2l⊥∫ e− (
!
k⊥ −
!
l⊥ )2 /Δ2F (k⊥ ⋅ l⊥ )gL

⊥N (x, l⊥ )

In the case of a polarized nucleus A:  
Take the approximation: each nucleon has an average polarization of 2JA/A.  

For the longitudinally polarized nuclei: 



Nuclear dependence of the TMDs: longitudinally polarized 
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g1L
A (x,k⊥ ) ≈ 2JA

π (α L + Δ2F )
 g1L

N (x)e−
!
k⊥

2 /(α L+Δ2F )

 
fL
⊥A(x,k⊥ ) ≈ 2JA

π (βL + Δ2F )
βL

βL + Δ2F

⎛
⎝⎜

⎞
⎠⎟

 fL
⊥N (x)e−

!
k⊥

2 /(βL+Δ2F )

With the Gaussian ansatz 

 
gL
⊥A(x,k⊥ ) ≈ 2JA

π ( !βL + Δ2F )

!βL
!βL + Δ2F

⎛

⎝⎜
⎞

⎠⎟
 gL

⊥N (x)e−
"
k⊥

2 /(βL+Δ2F )

twist-2 distribution 

twist-3 

 
g1L
N (x,k⊥ ) = 1

πα L

 g1L
N (x)e−

!
k⊥

2 /α L ,

 
fL
⊥N (x,k⊥ ) = 1

πβL
 fL

⊥N (x)e−
!
k⊥

2 /βL

 
gL
⊥N (x,k⊥ ) = 1

π !βL
 gL

⊥N (x)e−
"
k⊥

2 / !βL

Very similar to those in the un-polarized case. 



Nuclear dependence of the TMDs: transversely polarized  

32 Hadron2014，2014年7月　兰州 Nuclear dependence of TMDs 

 
ε⊥
kS f1T

⊥A(x,k⊥ ) ≈ 2JA
π  Δ2F

d 2l⊥∫ e− (
!
k⊥ −
!
l⊥ )2 /Δ2Fε⊥

lS f1T
⊥N (x, l⊥ )

 
(k⊥ ⋅S⊥ )g1T

⊥A(x,k⊥ ) ≈ 2JA
π  Δ2F

d 2l⊥∫ e− (
!
k⊥ −
!
l⊥ )2 /Δ2F (l⊥ ⋅S⊥ )g1T

⊥N (x, l⊥ )

 

ε⊥
kS(k⊥ ⋅S⊥ ) fT

A(x,k⊥ ) ≈ 2JA
π  Δ2F

d 2l⊥∫ e− (
!
k⊥ −
!
l⊥ )2 /Δ2F ε⊥

kS(k⊥ ⋅S⊥ ) fT
N (x, l⊥ )⎧

⎨
⎩

                                     − (k⊥ ⋅S⊥ )(k⊥ ⋅ l⊥ )ε⊥
lS − (k⊥ ⋅S⊥ ) l⊥

2

2
ε⊥
kS − (l⊥ ⋅S⊥ ) k⊥

2

2
ε⊥
lS⎡

⎣⎢
⎤
⎦⎥
fT
⊥N (x, l⊥ )
M 2

⎫
⎬
⎭

For the transversely polarized nuclei: 

 

ε⊥
kS(k⊥ ⋅S⊥ )gT

A(x,k⊥ ) ≈ 2JA
π  Δ2F

d 2l⊥∫ e− (
!
k⊥ −
!
l⊥ )2 /Δ2F ε⊥

kS(k⊥ ⋅S⊥ )gT
N (x, l⊥ )⎧

⎨
⎩

                                     + (k⊥ ⋅S⊥ )(k⊥ ⋅ l⊥ )ε⊥
lS − (k⊥ ⋅S⊥ ) l⊥

2

2
ε⊥
kS − (l⊥ ⋅S⊥ ) k⊥

2

2
ε⊥
lS⎡

⎣⎢
⎤
⎦⎥
gT
⊥N (x, l⊥ )
M 2

⎫
⎬
⎭

 
ε⊥
kS(k⊥ ⋅S⊥ ) fT

⊥A(x,k⊥ ) ≈ 2JA
π  Δ2F

d 2l⊥∫ e− (
!
k⊥ −
!
l⊥ )2 /Δ2Fε⊥

lS(l⊥ ⋅S⊥ ) fT
⊥N (x, l⊥ )

 
ε⊥
kS(k⊥ ⋅S⊥ )gT

⊥A(x,k⊥ ) ≈ 2JA
π  Δ2F

d 2l⊥∫ e− (
!
k⊥ −
!
l⊥ )2 /Δ2Fε⊥

lS(l⊥ ⋅S⊥ )gT
⊥N (x, l⊥ )



Nuclear dependence of the TMDs: transversely polarized 
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f1T
⊥A(x,k⊥ ) ≈ 2JA

π (α T + Δ2F )
 α T

α T + Δ2F

⎛
⎝⎜

⎞
⎠⎟
f1T
N (x)e−

!
k⊥

2 /(αT +Δ2F )

 
fT
A(x,k⊥ ) ≈ 2JA

π (βT + Δ2F )
 fT
N (x)e−

!
k⊥

2 /(βT +Δ2F )

With the Gaussian ansatz 

 
gT

⊥A(x,k⊥ ) ≈ 2JA
π ( !γ T + Δ2F )

!γ T
!γ T + Δ2F

⎛
⎝⎜

⎞
⎠⎟

2

 gT
⊥N (x)e−

"
k⊥

2 /( !γ T +Δ2F )

twist-2 

twist-3 

 
f1T
⊥N (x,k⊥ ) = 1

πα T

 f1T
⊥N (x)e−

!
k⊥

2 /αT ,
 
g1T
⊥N (x,k⊥ ) = 1

π !α T

 g1T
⊥N (x)e−

"
k⊥

2 / !αT ,

 
fT
N (x,k⊥ ) = 1

πβT
 fT

N (x)e−
!
k⊥

2 /βT ,
 
gT
N (x,k⊥ ) = 1

π !βT
 gT

N (x)e−
"
k⊥

2 / !βT ,

 
fT
⊥N (x,k⊥ ) = 1

πγ T
 fT

⊥N (x)e−
!
k⊥

2 /γ T ,
 
gT
⊥N (x,k⊥ ) = 1

π !γ T
 gT

⊥N (x)e−
"
k⊥

2 / !γ T ,

 
g1T

⊥A(x,k⊥ ) ≈ 2JA
π ( !α T + Δ2F )

 
!α T

!α T + Δ2F

⎛
⎝⎜

⎞
⎠⎟
g1T
N (x)e−

"
k⊥

2 /( !αT +Δ2F )

 
gT
A(x,k⊥ ) ≈ 2JA

π ( !βT + Δ2F )
 gT
N (x)e−

"
k⊥

2 /( !βT +Δ2F )

 
fT
⊥A(x,k⊥ ) ≈ 2JA

π (γ T + Δ2F )
γ T

γ T + Δ2F

⎛
⎝⎜

⎞
⎠⎟

2

 fT
⊥N (x)e−

!
k⊥

2 /(γ T +Δ2F )



Nuclear dependence of the azimuthal asymmetries: polarized 
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Under the Gaussian ansatz:  

sin(φ − φs ) UT

eA

sin(φ − φs ) UT

eN =
cos(φ − φs ) UT

eA

cos(φ − φs ) UT

eN ≈ 2JA
A

α
α + Δ2F

 

for the case that  α = β = γ

sinφs UT

eA

sinφs UT

eN =
cosφs LT

eA

cosφs LT

eN ≈ 2JA
A

 

sinφ UL

eA

sinφ UL

eN ≈ 2JA
A

α
α + Δ2F
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A numerical estimation of the transverse momentum broadening Δ2F 
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The transverse momentum broadening:  

0

2

|)]()[(2)(ˆ == x
N
gN

A
N

c

s
NF xxf

N
q ξραπξ

∫ −= )(ˆ2 NFNF qdΔ ξξ

A rough estimation:   

Take a hard sphere for         ρN
A(ξN ) =

q̂F (ξN ) = q̂F (0)ρN
A(ξN ) / ρN

A(0)

Δ2F = dξN
− q̂F (ξN )∫ ≈ 3 2q̂(0)r0A

1/3 / 4

RA = r0A
1/3

extracted from the analysis of suppression of leading hadrons in SIDIS with nuclei.     
q̂(0)

W.T. Deng, and X.N. Wang, PRC 81,  024902 (2010); 
N.B. Chang, W.T. Deng, and X.N. Wang, PRC 89, 034911 (2014).  

: quark transport parameter at the center of the nucleus 

The quark transport parameter: 

A / (4πRA
3 / 3)  for  r < RA

0                 for  r > RA



A numerical estimation of the transverse momentum broadening Δ2F 
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fs = α / (α + Δ2F )

Δ ph⊥
2 = ph⊥

2 eA→ehX
− ph⊥

2 ep→ehX

ph⊥ ≈ zk⊥ + pF⊥

Δ ph⊥
2 ≈ z2Δ2F

Comparison with data on  

The suppression factor  

HERMES 

Y.K. Song, ZTL, X.N. Wang, PRD (2014). 
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Summary and Outlook 

Ø  We show that a direct consequence of the “multiple gluon scattering” 
contained in the gauge link is a significant transverse momentum 
broadening in nucleus, for leading and higher twist TMDs; 

Ø  Such transverse momentum broadening leads in general to 
suppression of azimuthal asymmetries in SIDIS with nuclear targets;  

Ø  A rough numerical estimation of the broadening is made and 
comparison with the data available is given;  

Ø  More interesting measurements are expected, which may provide 
another place to study the effects of “multiple gluon scattering”. 

Thank you for your attention! 


