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Nucleon potential and repulsive core

Workshop on Hadron Physics, Lanzhou University, 24 July 2014 2



Modern nucleon-nucleon potential

Origin of the N-N Repulsive Core

The Most Fundamental Problem in Nuclear Physics
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Long range part

one pion exchange potential
(OPEP)

I

II Medium range part

σ, ρ, ω exchange
2π exchange

III Short range part

repulsive core (RC)

quark ?
Bonn: Machleidt, Phys.Rev. C63(Ô01)024001
Reid93: Stoks et al., Phys. Rev. C49(Ô94)2950.
AV18:   Wiringa et al., Phys.Rev. C51(Ô95) 38.

R. Jastrow(1951)
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(courtesy of Sinya Aoki)
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Nucleon potential from lattice QCD

Workshop on Hadron Physics, Lanzhou University, 24 July 2014 5



Workshop on Hadron Physics, Lanzhou University, 24 July 2014 6



 Our strategy in lattice QCD

Consider “elastic scattering” 

NN → NN NN → NN + others (NN → NN + π,NN + N̄N, · · ·)

Elastic threshold

• S-matrix below inelastic threshold.  Unitarity gives

Quantum Field Theoretical consideration

S = e2iδ

Full details: Aoki, Hatsuda & Ishii, PTP123(2010)89.

energy Wk = 2
√
k2 +m2

N < Wth = 2mN +mπ
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Step 1

define (Equal-time) Nambu-Bethe-Salpeter (NBS) Wave function

ϕk(r) = 〈0|N(x+ r, 0)N(x, 0)|NN,Wk〉
QCD eigen-state

N(x) = εabcq
a(x)qb(x)qc(x): local operator

Spin model: Balog et al., 1999/2001 

“scheme”
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partial wave

r = |r| → ∞

scattering phase shift (phase of the S-matrix by 
unitarity) in QCD !

ϕl
k → Al

sin(kr − lπ/2 + δl(k))

kr

Asymptotic behavior of NBS wave function Lin et al., 2001; CP-PACS, 2004/2005

cf. Luescher’s finite volume method

no interaction

interaction range

L

allowed k at L δl(kn)

NBS wave function scattering wave function in quantum mechanics
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Step 2

• Define a potential through application of a Schrödinger operator:

Vk(r) =

[
Ek+

1
µ∇

2
]
ϕk(r)

ϕk(r)

where Ek = k2

µ is the kinetic energy. Note the energy dependence of potential!

Step 3

• Solve the Schrödinger equation with this (zero energy) potential in infinite volume to find phase

shifts and possible bound states below the inelastic threshold.
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Qualitative features of NN potential reproduced!
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1S0

T. Hatsuda N. Ishii

1st paper: Ishii-Aoki-Hatsuda, PRL 90(2007)0022001

has been selected as one of 21 papers in Nature Research Highlights 2007. 
(One from Physics, Two from Japan, the other is on “iPS” by Sinya Yamanaka 
et al. )

“The achievement is both a computational tour de force and 
a triumph for theory.”

RVFODIFE

(courtesy of Sinya Aoki)
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(courtesy of Sinya Aoki)
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Explaining the repulsive core from OPE and RG
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Our lattice QCD result

Inoue et al. (HAL QCD Coll.), Progress of  Theoretical Physics 124(2010)591 

Indeed, attractive instead of repulsive
 core appears.

This suggests that “Pauli principle” is important for the repulsive core. 

Force is attractive at all distances.  Bound state ?

flavor SU(3) limit

mu = md = ms

(courtesy of Sinya Aoki)
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BASIC IDEA
NBS wave function:

ϕ
E

(x) = 〈0|N(x, 0)N(0, 0)|2N, E〉

short distance operator product expansion:

N(x, 0)N(0, 0) ≈
∑
A

CA(x)OA(0, 0)

UV/IR separation:

ϕ
E

(x) =
∑
A

CA(x)〈0|OA(0, 0)|2N, E〉

solving the renormalization group (asymptotic freedom):

CA(x) ≈ ln
(
ro
r

)βA dA r = |x| dA = const.

factorization:

ϕ
E

(x) ≈
∑
A

ln
(
ro
r

)βADA DA = dA〈0|OA(0, 0)|2N, E〉

anomalous dimensions:

βA =
γ

(1)
A
−2γ

(1)
N

2βo
βo = 1

16π2

(
11− 2

3nf
)
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It remains to calculate the one-loop anomalous dimensions!

potential:

V (x) = E + 1
µ
∇2ϕE(x)

ϕE(x)
∇2

= 1
r2

d
dr r

2 d
dr −

L̂2

r2

(S-wave case: L̂ = 0)

β1: max of all βC (many operators, mixing) β2: second largest

(1) β1 6= 0: V (r) ≈ − β1
r2(− log r)

β1 > 0: attractive β1 < 0: repulsive

(2) β1 = 0, second largest: β2 < 0 V (r) ≈
(
DE2
DE1

)
−β2

r2(− log r)1−β2

(
DE2
DE1

)
< 0: attractive

(
DE2
DE1

)
> 0: repulsive
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6-quark operators

baryon creation operators:

B
fgh
αβγ(x) = B

F
Γ (x) = ε

abc
q
a,f
α (x)q

b,g
β (x)q

c,h
γ (x)

a, b, c = 1, . . . , 3 colour

α, β, γ = 1, . . . , 4 spinor

f, g, h = 1, . . . , Nf flavour

multi-index:

A ∼ (F1, F2,Γ1,Γ2)

6-quark local operator:

OA(x) = B
F1
Γ1

(x)B
F2
Γ2

(x)

not all independent!

operator mixing: anomalous dimensions = matrix diagonalization problem

matrix: block diagonal (spin, isospin)

Nf = 2: nucleon problem largest block: 30× 30 matrix
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Anomalous dimensions in QCD

for 1S0 and 3S1 two-nucleon states: β1 = 0!

β2 = − 3
33−2nf

(
1
S0

)
β2 = − 1

33−2nf

(
3
S1

)

Chiral effective theory (non-perturbative) −→

DE2
DE1

= 2E
µ

(
1
S0

)
DE2
DE1

= 2µ
E

(
3
S1

)

E =
√

k2 + µ2

Both cases: DE
2 /D

E
1 ≈ 2 (weak energy dependence): REPULSION!
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More flavours and/or nucleons
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• More flavours (baryon-baryon potential)

Most βC < 0, but β1 > 0 (in the flavour singlet channel).

Argument based on Pauli principle works!

Largest block size: 123× 123

• More nucleons (three-nucleon forces)

All βC < 0, only repulsive channels −→ universal repulsion.

Unambiguous model-independent result.

Largest block size: 117× 117

• Three-baryon forces

Most demanding computationally, but most inconclusive:

there are also (a few) attractive channels.

Largest block size: 1518× 1518
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PROBLEMS

• Energy dependence of the potential (weak)

Solved by introducing nonlocal potential −→ derivative expansion

• Choice of nucleon creating operator −→ local three-quark colour singlet natural

• Scale at which asymptotic behaviour sets in ?
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Thank you!
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