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Outlook of nucleon spin decomposition problem

» Canonical total angular momentum decomposition:
_ Y .
J3 = /¢ryogy1/;d3x— //w'yox[ua,,]wd3x

- /A[M . ﬁy]0d3x — / I?Oa : x[uay]ﬁad3x =
Sq+ Lg+ S+ Lg. (1)
2 ' 2 1 12
Q%) = | dxa(x @)+ 355 < P.&lM 2|rlP & >
M = 2Tr(FH AN — FRAAY) (2)

/ Jaffe, PLB, 1996
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v

X. Ji / PRL, 1997:
J= /d3wa[’775 +RFEx D+ (Ex(ExB))  (3)

» Chen et al / PRL 2008, 2009, PLB 2011: Gauge invariant
definition of photon and gluon spin density operator does
exist!

» X. Ji, E. Leader’ criticisms, 2008,2011

» Wakamatsu: further development, two issues of problem:
mathematical definitions and measurement problem

» Y.M. Cho et al 2010, 2011: Lorentz invariant spin
decomposition

» Y. Hatta, 2011: spin decomposition consistent with canonical
one in light-cone gauge.

P.M. Zhang and D.G. Pak



» To answer the principal questions on nucleon spin
decomposition problem:

v

(i) Does gauge invariant spin decomposition exist?

v

(ii) Is it unique or not?

v

(iii) Physical implications.
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Chen et al idea of spin decomposition:QED

» QED case: the basic idea:to separate a pure gauge potential

0;0; 0;0;
AATO A (4

(Apure)l — U(8 + Apure)Ufl7 (Aphys)/ — Aphys

Ai _ Apure+Aphys _

after adding a surface term [ d3x0a(Foq - x[uAg]“re) to Jg2"
one obtains a gauge invariant decomposition:

n - 0w -

i = [ {202~ i3, Dog -
Fop - ALJ"® = Fo - x, Dy AR}, (5)
Dy, = 0y + AR

One can gauge out APY¢ = (, which is equivalent to imposing

the Coulomb gauge 0;A; = 0. In this gauge AP"* = A, so (5)
reduces to the canonical decomposition in Coulomb gauge.
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Chen et al idea of spin decomposition: QCD case

= 5 = hvss R
A= AZ”re(A) + AZ Y3 (A). (6)
vector notations stand for color vectors, ’Z\u = AZ
Self-consistent construction by solving the equations:
Rpure Aphys
D,- A,. =0,
Fﬁ,‘j’e =0. (7)

n - oX v . T ~ o Aphys
sz = [ {305~ i By — Fop- Y

—Foa X V]Aphys}, (8)
One can choose a gauge Apure — 0, i.e. 8,-/7\,- =0:
0;0;
AP = (85 — = )A; + O(A™) = A (9)
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On Lorentz invariant spin decomposition

The defining equation for the physical field is given by the
constraint of Lorenz gauge type Y.M. Cho a.0.,2010

< ohys
DHAE™® = 0. (10)
In the Maxwell theory where the formal solution is given by

AzhyS()—(», t) _ /d3)—<.y8VF1//.L(X/, t— ‘)_('— )‘(’"/C)

X = X|

(11)

so, on-shell the Aﬁhys can not be determined. This is a well-known
consequence of the incompleteness of the Lorenz gauge. Another
Lorentz invariant constraint for Aﬁhys is given by Fock-Schwinger

gauge type condition x*AR™* = 0 which has a solution W.M. Sun,
F. Wang, 2011

1
A :/ daax” Fy,(ox). (12)
0

Unfortunately, it lacks the invariance under translations.



The idea: / Pervushin, TMF, 1981: Using the Eq. of motion
D,?Ag = (Dj0oA;i)? + j§ one can postulate the Eqn. for pure gauge
matrix v:
1 _ ~
8OA:OA<ﬁ D-AaA-), 13
oV (A) ()D2(A)J()OJ (13)
0(A8) = 0g T, (14)

1

in this section ™ stands for Lie algebra valued functions. The
solution is the time exponent:

Y _— 1 . A .

0(A) = Texp{ / dtDz(A) (A)aOAJ}. (15)
This allows to define the gauge invariant variable 2\}
AL(A) = 9(A) @i + Ao H(A),  Di(ANAT =0 (16)
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A

A = UHAGV(A) + 0 A)ANA)D(A)
= AP 4 APhs (17)
In the gauge APUre — () one has a generalized Coulomb gauge
condition for AP"Ys = A: D;9pA; = 0.
Generalization:
1
D?(A)

Bov = v (Bi(A)doA; + FIAL v, T])]. (18)

This implies a constraint on physical field
D;(APhY) 9o AP 1 FIAL v, T] = 0 (19)

In a special case ?:jo one has a decomposition which on-shell
has a constraint like a temporal gauge Aghys =0.
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Notion of helicity within the framework of a little group

E(2) C SO(1,3): Wigner, Ann.Math."1939. Gauge invariant
helicity in Maxwell theory:S. Weinberg,PRD'1964; D. Han, Y.S.
Kim and D. Son,PRD'1985. Gluon momentum is directed along
z— axis, p, = (w,0,0,w). Generators of the little group E(2):

00 O

0 —j

J3: ; ! N1:K1—J2, No = Ky + 5. (20)
0

)

o O O o

0
0
0

o O

Polarization vectors e; = (0,1, £/,0) are eigenstates of J3. This
implies helicity conditions:

AR — o ABMYE — 0, (21)

)
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To provide both helicity conditions in a consistent manner with
equations of motion has been a principal obstacle toward
generalization of the helicity notion to the case of non-Abelian
gauge theory. Since one has the condition ﬁghys = 0 on mass-shell
by construction, it is possible to provide the second helicity
condition ﬁghys = 0 by choosing a gauge of either Coulomb or
axial or light-cone type. There should exist a class of gauge
equivalent spin decompositions which satisfy on mass-shell the
same helicity conditions for the physical field. One such possible
decomposition has been proposed by Hatta, PRD'2011
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Let us define the physical gauge potential Zﬁhys by a generalized
axial gauge type constraint

ntARPYS = (22)

where the vector n* specifies the axial or light-cone gauge
condition. Solution for the physical gauge field Aﬁhys in terms of
the general field strength is very simple:

Aphys — _ /O dAnYF,u(x + An). (23)

A pure gauge field Aﬁ”re is defined by

A A Aph
Apure — 4, — Aphs, (24)

m
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Choosing a proper n, one can define Aﬁhys by axial, ﬁghys =0, or
light-cone type, Aﬁ’rhys = 0, constraint. The both helicity gauge
conditions can be easily reached by imposing the temporal gauge
fixing condition Aghys = 0. The advantage of the decomposition
with the light-cone type constraint, n> = 0, is that the
corresponding non-local operator Aﬁhys(A) reduces to the canonical
spin density operator in a special gauge AR"® =0, i.e., explicitly in
the light-cone gauge.

This allows to make straightforward one-to-one correspondence of
the gauge invariant spin density operator to the gluon helicity Ag
measured in experiment. The gluon spin operator corresponding to
the canonical gluon spin density is

Sﬁluon = ﬁwpoﬁ vp Aghys- (25)
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In light-cone gauge one has:

Sgluon — TI‘/ d)\nVFVE()\n + Z)P exp (Ig :
0

A
/0 dun” A, (un + z)) Feu(2) + nu(O(A%)), (26)

where I:';” is the dual field strength. On the other hand, one has

the following expression for the gluon helicity at light-cone x> = 0
/Manohar, PRL'1990, Jaffe, PLB'1996

(sx)Ag =< N]/O dAxHFeu(Ax) -

P exp (ig /0)\ dux”A,,(ux))x” Fe(0)N >, (27)

where s, = (p, s)y,y5u(p, s) is the four-vector of nucleon
spin.With (26) one results in the known relationship between Ag
and the nucleon expectation value of the transverse part of S,

< N|x"SB "N >= —(sx)Ag. (28)
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. 1
Cu= —=h x 9,0, X, =0, (29)

/Cho, PRL, Duan and Ge Sci. Sinica, 1979
where A, is a binding gluon, X, is the valence gluon, and 7 is
SU(2) color vector. The restricted potential A, transforms as a

gauge connection, and )?# transforms covariantly.
Frw = (Fuw + Hu )0+ Fu(X),
Fiw = 0,A, — 0,A,,

Hyw = 0,C.(7) — 8, (), (30)
where the valence gluon field strength is
Fu(X) = DX, — DX, + gX, x X,. (31)

A

D,, contains only the restricted potential /A4M.
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I- /‘4'“ _ Iz\‘zure + A’ﬁhys, ﬁﬁurelz\‘zhys -0

like Chen et al. decomposition which reduces to canonical one in
the Lorentz gauge 8#12\'“ =0.

Il /_4“ = 2\“ + X, like X. Ji, Wakamatsu' approach

s = [ {50 — iy D -
Foppe - K] — Fo - xu(Dy X — ﬁyla(ﬂ))}. (32)
1" Au = Aﬁure + ’2\/“ restricted QCD.
s =[xt - i 0 -
Fopu - Ay — Foa - X001 Aa |- (33)

/ Cho, Ge, Pak, Zhang, 2011



(i) nucleons as lowest energy hadrons are made of quarks and
binding gluons in a simple quark model

(ii) Abelian dominance in nucleons, lattice calc. /by Kondo,
Shinohara et al, 2007

Estimate of gluon contribution to total nucleon momentum in
asymptotic limit using kinematic quark momentum /Georgi,
Politzer, Gross, Wilczek, 1974

2ng

P& = 7Pt"t ~1/2 = =b. 4
M 2n _|_3nf / ng 8,nf=5 (3 )
Estimate with canonical momentum decomposition by / Chen et
al, PRL 2009:
P& = 7Pt°t ~1/5. (35)

B ng+6ns M
It is interesting to notice, that this result can be reproduced

exactly from (34) within RCD by replacement ng — ng /4.
/thanks to O. Teryaey,
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Estimate within restricted QCD: /Cho et al, 2011:

n
Pg == 7gpt0t ~ 60 = 2 36
B ng+6ns M %, g (36)
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A=A+ Cu+ X, = A, + X,
. 1 -
Com—ghx uh Kuoh=0, (37)

What is the color vector fi(x) in Abelian projection? If fi is an
independent field then one has two types of gauge symmetry

(I): A =Un, (I: #=h
A, = U9 + ANUTL A=A
X, = UX, U™, X, = U8, +A,)U?

With given expressions for pure gauge field A'Z”re or ¥(A) we
construct A(A) in terms of general A,;:

V(A) = e (38)

In the pure gauge limit ¥ — /,w — 0 the N remains undetermined.
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Define the vacuum gauge potential /Cho, PLB 2007
Apure = —C,n(A) + Cy. (39)

Our decomposition with the constraint Bi(ﬁphys)aoﬁfhys +Jo=0
which on-shell implies Aghys = 0 and can be written as
D;(APhYS)EP™Y® — 0. Notice, we do not fix the gauge! The APhYS is
a highly non-linear operator function of A.

We decompose the gauge potential:

A, =—Cun+ C, + APhr,
Aphvs = A, — APre — ALR(A) + X, (40)
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The gluon angular momentum is factorized with using Z\ghys =0:

—

JEII/UOI‘I = /d3X{ - FO[#A,,] - I?O[u()?) . XV]
+F0aX[“8V]Aa + :an ()?)X[Hal,])?a}, (41)

where all operators are physical (the superscrlpt phys is
omitted). Notice, with type (II) decomposition AM =A,+ X the
terms with binding gluons in (41) disappear, so if contrlbutlon of
valence gluons is small, then the gluon spin contribution to nucleon
spin will be zero, this can explain small value of AG ~ 0.
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» 1. There is a wide number of Lorentz non-invariant and gauge
invariant nucleon spin decompositions. In general they lead to
gauge non-equivalent gluon spin operators. For most of such
decomposition schemes the definition of the spin operator is
frame dependent.

» 2. Poincare group and conformal invariance selects a unique
Lorentz gauge type constraint for the physical gluon field and
respective spin decomposition. However, the decomposition is
not well defined on-shell and its physical meaning remains
unclear.
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» 3. We have shown that there is a class of gauge equivalent
spin decompositions, leading to gauge invariant gluon spin
operators consistent with the helicity notion and, so that, such
definitions of spin operators are frame independent. The
corresponding definitions for the spin operator are gauge
equivalent and lead to the same matrix elements. In practical
calculations the canonical spin density in light-cone gauge is
most suitable.

» 4. Using Cho-Duan-Ge Abelian projection leads to a more
wide class of gauge invariant and Lorentz invariant spin
decompositions, especially within restricted QCD. In this case
an explicit parametrization (definition) of color Killing vector
field 7 is needed.
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