
Light-by-light 
scattering sum rulesConcettina Sfienti

Johannes Gutenberg-Universität - Institut für Kernphysik, Mainz

CRC1044

The frontiers of 
the virtual photon 
program @ MAMI

Marc Vanderhaeghen
Johannes Gutenberg University Mainz

From nucleon structure to nuclear structure and compact 
astrophysical objects: part 2 (QCD and hadron physics)

KITPC, Beijing     July 2-20, 2012

Wednesday, July 18, 12



• Introduction and motivation: (g-2)µ

• γγ sum rules: general derivation

• γγ sum rules in perturbative quantum field theory

• γγ sum rules for meson production

• Conclusions

 Outline  

V. Pascalutsa, M. Vdh          : Phys. Rev. Lett. 105, 201603 (2010)
V. Pascalutsa, V. Pauk, M. Vdh : Phys. Rev. D 85, 116001 (2012)
V. Pauk, V. Pascalutsa, M. Vdh : publication (perturbative QFT) in preparation 

Wednesday, July 18, 12



magnetic moment of muon: (g-2)µ 

aµ
exp	  -‐	  aµ

th	  =	  (28.7	  ±	  8.0)	  x	  10-‐10	  	  	  	  

anomalous part: 
aµ = (g-2)µ/2 = αem/2π +... = 0.00116...   

3.6σ deviation from SM value !

magnetic moment ~m = µB g ~S
µB: Bohr magneton
g: gyromagnetic factor ∼ 2

CRC 1044

sensitive test of the 
standard model (SM) and 
of physics beyond SM

need experimental and 
theoretical program in 

hadron physics to reduce 
uncertainty in aµ

strong

recent O(αem5) QED calculation  

aµ
exp	  -‐	  aµ

th	  =	  (24.9	  ±	  8.7)	  x	  10-‐10	  	  	  	  (2.9σ)
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strong contributions to (g-2)µ 

    aµ
had,	  LbL	  =	  (11.6	  ±	  4.0)	  x	  10-‐10	  	  	  	  	  

Jegerlehner, Nyffeler (2009)  

hadronic vacuum polarization 
determined by cross section 

measurements of e+e- -> hadrons 

contributions from strong interactions NOT calculable within perturbative QCD

hadronic vacuum polarization hadronic light-by-light scattering

    aµ
had,	  VP	  =	  (692.3	  ±	  4.2)	  x	  10-‐10	  	  	  	  	  

measurements of meson transition 
form factors required as input to 

reduce uncertainty
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(g-2)µ : theory vs experiment 

Δaµ = aµ
exp – aµ

SM =   
(28.7 ± 8.0) ! 10-10  (3.6 σ) 

Error(s) or New Physics ? 
 Clarify situation !  

 "

-700 -600 -500 -400 -300 -200 -100 0

a!  –  a!    exp " 10–11

BNL-E821 2004

JN 09 (e+e–-based)

DHMZ 10 (�-based)

DHMZ 10 (e+e–)

HLMNT 11 (e+e–)

BNL-E821 (world average)

–299 # 65

–195 # 54

–287 # 49

–261 # 49

0 # 63

New FNAL (g-2)µ  
measurement (2015): 

Factor 4 improvement 
in experimental error 

 Improve aµ
had !  

 

FNAL !

    
    aµ

exp = (11 659 208.9 ± 6.3) ! 10-10"
E821 measurement of (g-2)µ 

Standard Model predictions (g-2)µ 
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(g-2)µ : hadronic vacuum polarization 

Optical theorem and analyticity allow to relate HVP 
contribution to (g-2)µ with σhad = σ(e+e-→hadrons) 

    

€ 

aµ
had,VP =

1
4π3 ds

4mπ
2

∞

∫ K(s)σ had

δaμhad&aμhad&

    Kernel function 

Hadronic cross section 

σhad : energy range up to 3 GeV essential!
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measure σhad via ISR at BES-III

√s"[GeV]""""""""""

σ
ha

d"[
m
ba

rn
]"

e- 

e+ γISR 

Hadrons 

M"hadr"

DAΦNE"
"""KLOE" PEP7II"

BABAR"

ϒ(4S)"

BEPC7II"
BES7III"

Approach for measuring hadronic 
cross section at modern particle  

factories with fixed c.m.s. energy √s: 
Initial State Radiation (ISR) 

ISR method allows access  to 
mass range Mhadr< 3 GeV at BES-III 
 Continue ISR success story  

in CRC1044 
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hadronic light-by-light scattering 

π0, η, η#$
!

γ(�)!

γ�!

e�!

e+!

π0, η, η#$
!

γ�!

γ(�)!

e�!

e�!

e+!e+!

spacelike 
(γγ program @ BES-III)

strong dependence of hadronic LbL estimate on hadronic models ! 

    aµ
had,	  LbL	  =	  (11.6	  ±	  4.0)	  x	  10-‐10	  	  	  	  	   Jegerlehner, Nyffeler (2009)  

measurement of meson transition form factors
validate hadronic models / most relevant range at low Q2

timelike 
(A2 @ MAMI)

CRC 1044
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 γγphysics: quark structure of mesons  

 γ* γ → π0  

simulations for 1y running 
at BES-III (10 fb-1)

B. Kloss (2011)

q   
 γ* 

 γ 

spacelike

timelike

q2 = -Q2 < 0   

q2 > 0   

• paradigm for a whole program of 
hard processes processes planned 
at JLab12, Compass, EIC/ENC

• transition region to perturbative 
QCD remains to be understood

23

the functional form

Q

2|F (Q

2
)| = A

✓
Q

2

10 GeV

2

◆�

, (22)

where A and � are fit parameters. BaBar reported
A = 0.182 ± 0.002 GeV and � = 0.25 ± 0.02; how-
ever, the uncertainty for A does not include the Q

2-
independent systematic uncertainty that amounts to
2.3% (namely ±0.0041 GeV as this error component
for Q2|F (Q

2
)|). Taking this into account, the uncer-

tainty on A reported by BaBar could be replaced by
A = 0.182± 0.005 GeV. To compare our results with
BaBar’s, we use the same parameterization in our fit
procedure and assume a Q

2-independent systematic
uncertainty (thus, the total normalization error) of
3.2% for Q2|F (Q

2
)|; we remove this component from

the combined statistical and systematic errors and
instead add it in quadrature to the uncertainty in A.
The fit results from Belle are A = 0.169±0.006 GeV
and � = 0.18 ± 0.05. The goodness of the fit is
�

2
/ndf = 6.90/13, where ndf is the number of de-

grees of freedom. The fit results are also shown in
Fig. 24. The fit of the Belle data to the function is
good, and we find a difference of ⇠ 1.5� between the
Belle and BaBar results in both A and �.

We then try another parameterization in which
Q

2|F (Q

2
)| approaches an asymptotic value, namely

Q

2|F (Q

2
)| = BQ

2

Q

2
+ C

. (23)

The fit gives B = 0.209± 0.016 GeV and C = 2.2±
0.8 GeV

2 with �

2
/ndf = 7.07/13, and is also shown

in Fig. 24. The fitted asymptotic value, B, is slightly
larger than the pQCD value of ⇠ 0.185 GeV but is
consistent.

VI. SUMMARY AND CONCLUSION

We have presented a measurement of the neutral
pion transition form factor for the process ��⇤ ! ⇡

0

in the region 4 GeV

2 <⇠ Q

2 <⇠ 40 GeV

2 with a
759 fb�1 data sample collected with the Belle detec-
tor at the KEKB asymmetric-energy e

+
e

� collider.
The measured values of Q

2|F (Q

2
)| agree with the

previous measurements [1, 3, 4] for Q

2 <⇠ 9 GeV

2.
In the higher Q

2 region, in contrast to BaBar, our
results do not show a rapid growth with Q

2 and are
closer to theoretical expectations [5].

FIG. 24: Comparison of the results for the product
Q

2|F (Q2)| for the ⇡

0 from different experiments. The
error bars are a quadratic sum of statistical and system-
atic uncertainties. For the Belle and BaBar results, only
a Q

2-dependent systematic-error component is included.
The two curves denoted fit(A) use the BaBar parameter-
ization while the curve denoted fit(B) uses Eq.(23) (see
text). The dashed line shows the asymptotic prediction
from pQCD (⇠ 0.185 GeV).
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BaBar and Belle data 
not in agreement ! 
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  γ* γ* sum rules:

general derivation
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helicity amplitudes:

 γ* γ*  → γ* γ*	  	  forward scattering  

�⇤(�1, q1) + �⇤(�2, q2) ! �⇤(�0
1, q1) + �⇤(�0

2, q2)�1, q1

�2, q2 �0
2, q2

�0
1, q1

s = (q1 + q2)
2, u = (q1 � q2)

2

kinematical invariants:

⌫⌘ s� u

4
, Q2

1 ⌘ �q21 , Q2
2 ⌘ �q22

M�0
1�

0
2,�1�2

(⌫, Q2
1, Q

2
2) � = 0,±1

P : M�0
1�

0
2,�1�2

= M��0
1��0

2,��1��2

discrete symmetries:

T : M�0
1�

0
2,�1�2

= M�1�2,�0
1�

0
2

8 independent amplitudes:

M++,++, M+�,+�, M++,��,

M00,00, M+0,+0, M0+,0+, M++,00, M0+,�0

T

T and L
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 γ* γ*  → γ* γ*	  	  forward scattering  

 γ* 

 γ* 

Unitarity (optical theorem): 
link to γ* γ* → X cross sections  

W�0
1�

0
2,�1�2

⌘ ImM�0
1�

0
2,�1�2

W�0
1�

0
2,�1�2

= 1
2

R
d�X(2⇡)4�4(q1+q2�pX)M�1�2(q1, q2; pX)M⇤

�0
1�

0
2
(q1, q2; pX)

can be expressed in 
terms of γ* γ* → X 
cross sections, which 
can be measured

W++,++ +W+�,+� ⌘ 2
p
X (�0 + �2) = 2

p
X

�
�k + �?

�
⌘ 4

p
X �TT ,

W++,++ �W+�,+� ⌘ 2
p
X (�0 � �2) ⌘ 4

p
X ⌧aTT ,

W++,�� ⌘ 2
p
X

�
�k � �?

�
⌘ 2

p
X ⌧TT ,

W00,00 ⌘ 2
p
X �LL,

W+0,+0 ⌘ 2
p
X �TL,

W0+,0+ ⌘ 2
p
X �LT ,

W++,00 +W0+,�0 ⌘ 4
p
X ⌧TL,

W++,00 �W0+,�0 ⌘ 4
p
X ⌧aTL.X ⌘ ⌫2 �Q2

1Q
2
2

virtual photon flux:
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  ee → 	  eeX cross sections  

d� =

↵2

16⇡4 Q2
1 Q

2
2

2

p
X

s(1� 4m2/s)
· d

3~p 0
1

E0
1

· d
3~p 0

2

E0
2

⇥
�

4 ⇢++
1 ⇢++

2 �TT + ⇢001 ⇢002 �LL + 2 ⇢++
1 ⇢002 �TL + 2 ⇢001 ⇢++

2 �LT

+2

�

⇢++
1 � 1

� �

⇢++
2 � 1

�

⇣

cos 2

˜�
⌘

⌧TT+8

"

�

⇢001 + 1

� �

⇢002 + 1

�

�

⇢++
1 � 1

� �

⇢++
2 � 1

�

#1/2
⇣

cos

˜�
⌘

⌧TL

+h1h2 4
⇥�

⇢001 + 1

� �

⇢002 + 1

�⇤1/2
⌧aTT + h1h2 8

⇥�

⇢++
1 � 1

� �

⇢++
2 � 1

�⇤1/2
⇣

cos

˜�
⌘

⌧aTL

o

lepton beam polarization

⇢++
1 , ⇢++

2 , ⇢001 , ⇢002 : kinematical coefficients

�̃ : angle between both lepton planes in γ* γ*  c.m. frame

inclusive

e-

e+

e(p1) + e(p2) ! e(p01) + e(p02) +X Q12   

Q22   
q1 ⌘ p1 � p01, q2 ⌘ p2 � p02virtual 

photons Q2
1 ⌘ �q21 , Q2

2 ⌘ �q22

s = (p1 + p2)
2
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  ee → 	  eeX cross sections  

extraction of
cos(2φ) moment 
⌧TT = �k � �?

possible at BES-III 

B. Kloss (2011)

simulations for 1y running at BES-III (10 fb-1)

• has never been extracted at 
an e+e- collider

• through SR: measures 
forward LbL scattering 
coefficient  c1 - c2
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 γ* γ*  → γ* γ*	  	  forward scattering  

Causality, 
photon crossing symmetry (ν →  -ν)

dispersion relations
f
even

(⌫) =
2

⇡

Z 1

⌫0

d⌫0
⌫0

⌫0 2 � ⌫2 � i0+
Im f

even

(⌫0)

f
odd

(⌫) =
2⌫

⇡

Z 1

⌫0

d⌫0
1

⌫0 2 � ⌫2 � i0+
Im f

odd

(⌫0)

high-energy behavior: may require some subtractions

Low-energy expansion: for real parts at ν = 0

L(8) =c1(Fµ⌫F
µ⌫)2 + c2(Fµ⌫ F̃

µ⌫)2 Euler, Heisenberg (1936)

c1 and c2 describe low-energy (at order ν2) LbL scattering   

•  at next order: 6 new constants enter   

• 

Pauk, Pascalutsa, Vdh (2012)
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sum rules for γ* γ* scattering  

0 =

1Z

s0

ds
1

(s+Q2
1)

[�0 � �2]Q2
2=0

3 super-convergence 
relations

helicity difference sum rule

0 =

1Z

s0

ds
1

(s+Q2
1)

2


�k + �LT +

(s+Q2
1)

Q1Q2
⌧aTL

�

Q2
2=0

0 =

1Z

s0

ds


⌧TL

Q1Q2

�

Q2
2=0

sum rules involving 
longitudinal photons

SRs involving LbL 
low-energy 
coefficients

c1 ± c2 =
1

8⇡

1Z

s0

ds
[�k ± �?](s)

s2

Brodsky, Schmidt 
(1995)

Gerasimov, Moulin 
(1975)

for Q2 = 0
 cfr. GDH SR

V. Pauk, V. Pascalutsa, M. Vdh (2010, 2012)
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  γ* γ* sum rules
 in perturbative

 quantum field theory
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 sum rules in scalar QED: tree level  

�� �� �� ��� ��� ��� ����-���

-���

-���

-���

-���

���

���

���

V êP �

VêHV
+
4

�
�
L*
D
s
*
P

�
êa�

0 =

1Z

s0

ds
1

(s+Q2
1)

[�0 � �2]Q2
2=0

�� = �2 � �0

Q2
1 = 0

Q2
1 = m2

Q2
1 = 5m2

[�0 � �2]Q2
2=0 = ↵24⇡

s

(s+Q2
1)

2

(
�
r

1� 4m2

s

✓
1� Q2

1

s

◆
+

8m2

s
ln

 p
s

2m

"
1 +

r
1� 4m2

s

#!)

V. Pascalutsa, M. Vdh (2010)
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 sum rules in scalar QED: tree level   

�� �� �� ��� ��� ��� ����-���

-���

-���

-���

-���

���

���

���

V êP �

VêH4
�
4

�
L*
t 7

/
*
P

�
êa�

�� �� �� ��� ��� ��� ����
-�����

-�����

�����

�����

V êP �

V
*
,
*
P

�
êa�

Q2
1 = 0 Q2

1 = 0

Q2
1 = m2Q2

1 = m2

Q2
1 = 5m2 Q2

1 = 5m2

0 =

1Z

s0

ds
1

(s+Q2
1)

2


�k + �LT +

(s+Q2
1)

Q1Q2
⌧aTL

�

Q2
2=0

0 =

1Z

s0

ds


⌧TL

Q1Q2

�

Q2
2=0

V. Pauk, V. Pascalutsa, M. Vdh (2012)
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 sum rules in spinor QED: tree level  

�� �� �� ��� ��� ��� ����

-���

-���

-���

-���

���

���

V êP �

VêHV
+
4

�
�
L*
D
s
*
P

�
êa�

Q2
1 = 0

Q2
1 = m2

Q2
1 = 5m2

�� = �2 � �0

[�0 � �2]Q2
2=0 = ↵28⇡

s

(s+Q2
1)

2

(r
1� 4m2

s

✓
3� Q2

1

s

◆
� 2

✓
1� Q2

1

s

◆
ln

 p
s

2m

"
1 +

r
1� 4m2

s

#!)

0 =

1Z

s0

ds
1

(s+Q2
1)

[�0 � �2]Q2
2=0
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 sum rules in ϕ4  theory : loop level  

�� = �2 � �0LI = ��

4
(�†�)2 interaction

helicity difference 
sum rule        
at order λ tree level 1-loop

0 =

Z 1

4m2

ds
1

(s+Q2)2
�
�Q2 + 4m2arctanh�

�
| {z }

ReFT (⌫, Q2, 0)| {z }

FT (s,Q2, 0)=
1

(2⇡)2
1

(s+Q2)3

✓
s+Q2 + 4m2arctanh2

1

�
+ 2Q2

¯
arctanh

1

�
�m2 ln2

� + 1

� � 1
�Q2� ln

� + 1

� � 1

◆ � =

r
1� 4m2

s

� =

s

1 +
4m2

Q2

10 1005020 3015 15070

!0.025

!0.020

!0.015

!0.010

!0.005

0.000

s!m2
ΒQ

2
#
4
m
2
ar
ct
an
h
Β

"s#Q
2 #2

Re
$FT %$

m
4

Q2 = 0

Q2 = m2

Q2 = �m2
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• verified at tree level for scalar QED, spinor QED / QCD

• verfied at one-loop level in Φ4 theory

• verified at one-loop level in spinor QED with NJL-type 
interaction (scalar and pseudo-scalar 4-fermion interaction)

• resummation proof to all orders given within Φ4 theory

 sum rules in perturbative QFT : summary  

 sum rules for γ* γ* forward scattering: 

LI =
GS

2
( ̄ )2 +

GP

2
( ̄i�5 )

2

V. Pauk et al. 
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  γ* γ* sum rules
for 

meson production

Wednesday, July 18, 12



 meson production in γγ collisions    

 γ* 

 γ* 

 with JPC 

• two-photon state: produced meson M has C = +1

• for production by 2 real photons  γ γ →  M : 

  J = 1 is forbidden (Landau-Yang theorem) 

  predominantly J = 0:  0-+ (pseudo-scalar) and 0++ (scalar)   

            or J = 2:  2++ (tensor)
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 meson production in γγ collisions: I = 0,2   

 γ γ → π+ π-  
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FIG. 9: Cross section integrated over the angular region | cos θ∗| ≤ 0.8 compared with the previous measurement from the
Crystal Ball [13]. Dashed lines show the total systematic errors for the Belle measurement. Systematic errors of similar size
(not shown) are present in the Crystal Ball measurement.

where D0 and G0 (D2 and G2) denote the helicity 0 (2) components of the D and G waves, respectively, and Y m
J are

the spherical harmonics:

Y 0
0 =

√

1

4π
,

Y 0
2 =

√

5

16π
(3 cos2 θ∗ − 1) ,

∣

∣Y 2
2

∣

∣ =

√

15

32π
sin2 θ∗

Y 0
4 =

3

16

√

1

π
(35 cos4 θ∗ − 30 cos2 θ∗ + 3) ,

∣

∣Y 2
4

∣

∣ =
3

8

√

5

2π
(7 cos2 θ∗ − 1) sin2 θ∗ . (3)

Since the |Y m
J |s are not independent, partial waves cannot be separated using measurements of differential cross

sections alone.
To overcome this problem, we begin by rewriting Eq. (2) as:

dσ

4πd| cos θ∗|
(γγ → π0π0) = Ŝ2 |Y 0

0 |2 + D̂2
0 |Y 0

2 |2 + D̂2
2 |Y 2

2 |2 + Ĝ2
0 |Y 0

4 |2 + Ĝ2
2 |Y 2

4 |2 . (4)

The amplitudes Ŝ2, etc. correspond to the cases where interference terms are neglected. When interference terms are

11

Figure 2: Comparison of the cross-section results for γγ → π+π− from
Mark II [8], Cello [9] and Belle [19]. In each case the cross-section is integrated
over | cos θ∗| ≤ 0.6.

with either helicity 0 or 2. The non-relativistic quark model [20] suggests pure helicity 2.
Relativistic corrections have been found to be small [2]. What we observe is a large peak
in the γγ → ππ cross-section. Let us assume we have picked out the total I = 0 J = 2
component. The angular distribution will then, in principle, tell us how much has helicity
0 and how much helicity 2. In Fig. 3, the upper three plots show this distribution in
a bin centred on 1270 MeV with different combinations of helicity 0 and 2. If we had
data covering the complete angular range up to | cos θ∗| = 1, the separation of these
two helicity components would be relatively easy. However, if we now fold in the angular
acceptance that cuts off at | cos θ∗| = 0.6, we arrive at the lower 3 plots. We see that
these are virtually indistinguishable. To solve this problem, we need two things: firstly
data of very high precision in the angular range covered. Secondly we need additional
theoretical information to make up for the lack of complete angular coverage. Though the
published results on π+π− production from Belle [19] have sufficient statistical precision,

4
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FIG. 9: Cross section integrated over the angular region | cos θ∗| ≤ 0.8 compared with the previous measurement from the
Crystal Ball [13]. Dashed lines show the total systematic errors for the Belle measurement. Systematic errors of similar size
(not shown) are present in the Crystal Ball measurement.

where D0 and G0 (D2 and G2) denote the helicity 0 (2) components of the D and G waves, respectively, and Y m
J are

the spherical harmonics:

Y 0
0 =

√

1

4π
,

Y 0
2 =

√

5

16π
(3 cos2 θ∗ − 1) ,

∣

∣Y 2
2

∣

∣ =

√

15

32π
sin2 θ∗

Y 0
4 =

3

16

√

1

π
(35 cos4 θ∗ − 30 cos2 θ∗ + 3) ,

∣

∣Y 2
4

∣

∣ =
3

8

√

5

2π
(7 cos2 θ∗ − 1) sin2 θ∗ . (3)

Since the |Y m
J |s are not independent, partial waves cannot be separated using measurements of differential cross

sections alone.
To overcome this problem, we begin by rewriting Eq. (2) as:

dσ

4πd| cos θ∗|
(γγ → π0π0) = Ŝ2 |Y 0

0 |2 + D̂2
0 |Y 0

2 |2 + D̂2
2 |Y 2

2 |2 + Ĝ2
0 |Y 0

4 |2 + Ĝ2
2 |Y 2

4 |2 . (4)

The amplitudes Ŝ2, etc. correspond to the cases where interference terms are neglected. When interference terms are

11

 γ γ → π0 π0  

γγ → ππ production accesses I = 0 and I = 2 states

f2(1270)

 amplitude analysis: f2(1270) produced predominantly in helicity-2 state  
M. Pennington et al. (2008)
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helicity difference SR: η, η’ contributions entirely compensated   
   by f2(1270), f2(1565) 

14

m
M

�
��

´
ds

s

(�2 � �0) c1 c2

[MeV] [keV] [nb] [10�4 GeV�4] [10�4 GeV�4]

⇡0 134.9766± 0.0006 (7.8± 0.5)⇥ 10�3 �195± 13 0 10.94± 0.70

a0(980) 980± 20 0.3± 0.1 �20± 8 0.021± 0.007 0

a2(1320) 1318.3± 0.6 1.00± 0.06 134± 8 0.039± 0.002 0.039± 0.002

a2(1700) 1732± 16 0.30± 0.05 18± 3 0.003± 0.001 0.003± 0.001

Sum �63± 17 0.06± 0.01 10.98± 0.70

TABLE I: �� sum rule contributions of the light quark isovector mesons based on the present PDG values [18] of the meson

masses (m
M

) and their 2� decay widths �
��

. Fourth column: �2 � �0 sum rule of Eq. (27a). Fifth, sixth columns: c1, c2 sum

rules of Eqs. (28a, 28d) respectively.

m
M

�
��

´
ds

s

(�2 � �0) c1 c2

[MeV] [keV] [nb] [10�4GeV�4] [10�4GeV�4]

⌘ 547.853± 0.024 0.510± 0.026 �191± 10 0 0.65± 0.03

⌘0 957.78± 0.06 4.29± 0.14 �300± 10 0 0.33± 0.01

f0(980) 980± 10 0.29± 0.07 �19± 5 0.020± 0.005 0

f 0
0(1370) 1200� 1500 3.8± 1.5 �91± 36 0.049± 0.019 0

f2(1270) 1275.1± 1.2 3.03± 0.35 449± 52 0.141± 0.016 0.141± 0.016

f 0
2(1525) 1525± 5 0.081± 0.009 7± 1 0.002± 0.000 0.002± 0.000

f2(1565) 1562± 13 0.70± 0.14 56± 11 0.012± 0.002 0.012± 0.002

Sum �89± 66 0.22± 0.03 1.14± 0.04

TABLE II: �� sum rule contributions of the light quark isoscalar mesons based on the present PDG values [18] of the meson

masses (m
M

) and their 2� decay widths �
��

. Fourth column: �2 � �0 sum rule of Eq. (27a). Fifth, sixth columns: c1, c2 sum

rules of Eqs. (28a, 28d) respectively.

argument [23] , which amounts to replacing the integral of the helicity di↵erence cross section for the �� ! X process

(with X any hadronic final state containing charm quarks) by the corresponding integral of the helicity di↵erence

cross section for the perturbative �� ! cc̄ process :

I

cont

⌘
1̂

sD

ds

1

s

[�2 � �0] (�� ! X) ⇡
1̂

sD

ds

1

s

[�2 � �0] (�� ! cc̄), (34)

where the perturbative cross section is given in Appendix B 2. The duality expressed by the approximate equality in

Eq. (34) is meant to hold in a global sense, i.e. after integration over the energy of the helicity di↵erence cross section

above the threshold s

D

. As we have verified in Section III that the perturbative cross section satisfies the helicity

sum rule exactly, i.e.

0 =

1̂

4m2
c

ds

1

s

[�2 � �0] (�� ! cc̄), (35)

with m

c

the charm quark mass, we can re-express Eq. (34) as :

I

cont

⇡ �
sDˆ

4m2
c

ds

1

s

[�2 � �0] (�� ! cc̄). (36)

 meson production in γγ collisions: I = 0 

0 =

1Z

s0

ds
[�2 � �0](s)

s
c1 ± c2 =

1

8⇡

1Z

s0

ds
[�k ± �?](s)

s2

sum rules 
evaluated in 
I = 0 state  

0-+   

0++   

2++   

 Note: f0(600) contribution requires to go beyond narrow resonance estimate 
Wednesday, July 18, 12



 γ γ → π0 η  

| cos θ∗| < 0.8
| cos θ∗| < 0.9

| cos θ∗|

W

η π0

pt

W > 1.06 GeV

Ŝ2 D̂2
0 D̂2

2

| cos θ∗| < 0.8
|S|2, |D0|

2 |D2|
2 Ŝ2 D̂2

0 D̂2
2

| cos θ∗| ≤ 0.8

a2(1320)

B(a2(1320) → γγ)

ΓγγB(ηπ0) a2(1320)
Γγγ(a2(1320))B(ηπ0) (145+97

−34) B(a2(1320) → γγ) =
(9.4+6.3

−2.2) × 10−6 (9.4 ± 0.7) × 10−6

a0(Y ) a2(1320)
a0(Y ) a2(1320) 0

 amplitude analysis  

a2(1320)

a0(980)

 meson production in γγ collisions: I = 1  

S. Uehara et al. (2009)
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M. Starič,15 T. Sumiyoshi,42 S. Y. Suzuki,9 G. N. Taylor,22 Y. Teramoto,32 I. Tikhomirov,14 T. Uglov,14 Y. Unno,7

S. Uno,9 P. Urquijo,22 Y. Usov,1 G. Varner,8 C. H. Wang,26 P. Wang,11 X. L. Wang,11 R. Wedd,22 E. Won,17

Y. Yamashita,29 Y. Yusa,44 Z. P. Zhang,35 V. Zhilich,1 V. Zhulanov,1 T. Zivko,15 A. Zupanc,15 and O. Zyukova1

(The Belle Collaboration)
1Budker Institute of Nuclear Physics, Novosibirsk

2Chiba University, Chiba
3University of Cincinnati, Cincinnati, Ohio 45221

4Department of Physics, Fu Jen Catholic University, Taipei
5Justus-Liebig-Universität Gießen, Gießen

6The Graduate University for Advanced Studies, Hayama
7Hanyang University, Seoul

8University of Hawaii, Honolulu, Hawaii 96822
9High Energy Accelerator Research Organization (KEK), Tsukuba

10Hiroshima Institute of Technology, Hiroshima
11Institute of High Energy Physics, Chinese Academy of Sciences, Beijing

12Institute of High Energy Physics, Vienna
13Institute of High Energy Physics, Protvino

14Institute for Theoretical and Experimental Physics, Moscow
15J. Stefan Institute, Ljubljana

16Kanagawa University, Yokohama
17Korea University, Seoul

18Kyungpook National University, Taegu
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m
M

�
��

´
ds

s

(�2 � �0) c1 c2

[MeV] [keV] [nb] [10�4 GeV�4] [10�4 GeV�4]

⇡0 134.9766± 0.0006 (7.8± 0.5)⇥ 10�3 �195± 13 0 10.94± 0.70

a0(980) 980± 20 0.3± 0.1 �20± 8 0.021± 0.007 0

a2(1320) 1318.3± 0.6 1.00± 0.06 134± 8 0.039± 0.002 0.039± 0.002

a2(1700) 1732± 16 0.30± 0.05 18± 3 0.003± 0.001 0.003± 0.001

Sum �63± 17 0.06± 0.01 10.98± 0.70

TABLE I: �� sum rule contributions of the light quark isovector mesons based on the present PDG values [18] of the meson

masses (m
M

) and their 2� decay widths �
��

. Fourth column: �2 � �0 sum rule of Eq. (27a). Fifth, sixth columns: c1, c2 sum

rules of Eqs. (28a, 28d) respectively.

m
M

�
��

´
ds

s

(�2 � �0) c1 c2

[MeV] [keV] [nb] [10�4GeV�4] [10�4GeV�4]

⌘ 547.853± 0.024 0.510± 0.026 �191± 10 0 0.65± 0.03

⌘0 957.78± 0.06 4.29± 0.14 �300± 10 0 0.33± 0.01

f0(980) 980± 10 0.29± 0.07 �19± 5 0.020± 0.005 0

f 0
0(1370) 1200� 1500 3.8± 1.5 �91± 36 0.049± 0.019 0

f2(1270) 1275.1± 1.2 3.03± 0.35 449± 52 0.141± 0.016 0.141± 0.016

f 0
2(1525) 1525± 5 0.081± 0.009 7± 1 0.002± 0.000 0.002± 0.000

f2(1565) 1562± 13 0.70± 0.14 56± 11 0.012± 0.002 0.012± 0.002

Sum �89± 66 0.22± 0.03 1.14± 0.04

TABLE II: �� sum rule contributions of the light quark isoscalar mesons based on the present PDG values [18] of the meson

masses (m
M

) and their 2� decay widths �
��

. Fourth column: �2 � �0 sum rule of Eq. (27a). Fifth, sixth columns: c1, c2 sum

rules of Eqs. (28a, 28d) respectively.

argument [23] , which amounts to replacing the integral of the helicity di↵erence cross section for the �� ! X process

(with X any hadronic final state containing charm quarks) by the corresponding integral of the helicity di↵erence

cross section for the perturbative �� ! cc̄ process :

I

cont

⌘
1̂

sD

ds

1

s

[�2 � �0] (�� ! X) ⇡
1̂

sD

ds

1

s

[�2 � �0] (�� ! cc̄), (34)

where the perturbative cross section is given in Appendix B 2. The duality expressed by the approximate equality in

Eq. (34) is meant to hold in a global sense, i.e. after integration over the energy of the helicity di↵erence cross section

above the threshold s

D

. As we have verified in Section III that the perturbative cross section satisfies the helicity

sum rule exactly, i.e.

0 =

1̂

4m2
c

ds

1

s

[�2 � �0] (�� ! cc̄), (35)

with m

c

the charm quark mass, we can re-express Eq. (34) as :

I

cont

⇡ �
sDˆ

4m2
c

ds

1

s

[�2 � �0] (�� ! cc̄). (36)

 meson production in γγ collisions: I = 1  

sum rules 
evaluated in 
I = 1 state  

0 =

1Z

s0

ds
[�2 � �0](s)

s
c1 ± c2 =

1

8⇡

1Z

s0

ds
[�k ± �?](s)

s2

0-+   
0++   
2++   

• helicity difference SR: a2(1320) compensates π0 contribution to 70%

• dominant contribution to LbL scattering coefficient c2 comes from π0 
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 charmonium states  

Estia Eichten                                                   NPCFiQCD@Temple                                         March 27, 2012

Updated Charmonium Spectrum

• 13D2 observed - Only 2 narrow states remaining unobserved: 11D2 and 13D3

• New transitions: 23D1  -> π+π- 11P1; 13D2 -> Ɣ�13P1;  23S1 -> Ɣ�21S0

10

,2

M
as

s 
(G

eV
/c

2 )

4.0

3.5

3.0

Charmonium
family

2 M(D)

ηc(3S)

ηc(2S)

ηc(1S) γM1M1

DD

DD

π+π−J/ψ
ψ(4S) or hybrid
ψ(2D) 

ψ(3S) 

ψ(13D1) 
ψ(2S) DD

DD*

ππππ, 
η, 
π0 

γM1M1
γE1E1

π0

γE1E1

γE1E1hc(1P)

J/J/ψ

χc0(1P)
χc1(1P)

χc2(1P)

χc1(2P) χc2(2P)
X(3872)?

(ρ,ω,γ)J/ψ
ωJ/ψ γγγγ

DD,

2--

2

ѱ2(1D)ππ

ΥE1
ΥM1

2-+

2
3--

2

11D2
13D3

charmonium spectrum 

S. Godfrey, H. Mahlke, J.L. Rosner, 
E. Eichten (2008)

-

-

!Ulrich Wiedner

narrow states: 
• well understood cc states
• only 2 remain to be  
   observed  

above DD threshold: 
• plethora of 
  new states
• nature ?
  molecules
  tetra-quarks, 
  hybrids, ... 
  BABAR, BELLE,  
  BES-III, PANDA
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m
M

�
��

´
ds

s

(�2 � �0) c1 c2

[MeV] [keV] [nb] [10�7GeV�4] [10�7GeV�4]

⌘
c

(1S) 2980.3± 1.2 6.7± 0.9 �15.6± 2.1 0 1.79± 0.24

�
c0(1P ) 3414.75± 0.31 2.32± 0.13 �3.6± 0.2 0.31± 0.02 0

�
c2(1P ) 3556.2± 0.09 0.50± 0.06 3.4± 0.4 0.14± 0.02 0.14± 0.02

Sum resonances �15.8± 2.1 0.49± 0.03 1.97± 0.24

duality estimate

continuum (
p
s � 2m

D

) 15.1

resonances + continuum �0.7± 2.1

TABLE III: �� sum rule contributions of the lowest cc̄ mesons based on the present PDG values [18] of the meson masses (m
M

)

and their 2� decay widths �
��

. Fourth column: the �2 � �0 sum rule of Eq. (27a), for which we also show the duality estimate

of Eq. (37) for the continuum contribution above DD̄ threshold, as well as the sum of resonances and continuum contributions.

Fifth, sixth columns: c1, c2 sum rules of Eqs. (28a, 28d) respectively.

Using Eq. (B27) for the �� ! cc̄ helicity di↵erence cross section, we finally obtain:

I

cont

⇡ �8⇡ ↵

2

sDˆ

4m2
c

ds

1

s

2

(

�3

r

1� 4m2
c

s

+ 2 ln

 p
s

2m
c

"

1 +

r

1� 4m2
c

s

#!)

. (37)

Using the PDG value m

c

⇡ 1.27 GeV [18], we show the duality estimate for �I

cont

in Fig. 6, as function of the

integration limit s

D

(solid red curve). Using the physical value of the DD̄ threshold, s
D

⇡ 14 GeV2, we obtain:

I

cont

⇡ 15.1 nb. We notice that within the experimental uncertainty, this fully cancels the sum of the ⌘
c

(1S),�
c0(1P ),

and �

c2(1P ) resonance contributions to the �2��0 sum rule, as is shown in Table III. This cancellation quantitatively

illustrates the interplay between resonances with hidden charm (cc̄ states) and production of charmed mesons in order

to satisfy the sum rule. It will be interesting to further test this experimentally by measuring the �� production cross

sections above DD̄ threshold, where a plethora of new states (so-called XY Z states) have been found in recent years,

see e.g. Ref. [24] for a review.

We have also computed the meson contributions to the forward light-by-light scattering coe�cients c1 and c2 (fifth

and sixth columns respectively in Tables I, II, III). The dimensionality of these coe�cients requires them to scale

with the meson mass m

M

as 1/m4
M

. Therefore, the higher mass mesons contribute very insignificantly to these

coe�cients. One notes that the coe�cient c1, which involves the cross section �k, does not receive any contributions

from pseudo-scalar mesons, and is dominated by the tensor mesons a2(1320) and f2(1270), with smaller contributions

from the scalar states around 1 GeV. On the other hand, the coe�cient c2, which involves the cross section �?, is

totally dominated by the contributions from pseudo-scalar mesons, especially the light ⇡

0, with contributions of ⌘

and ⌘

0 at the 10% level of the ⇡

0 contribution.

B. Virtual photons

We next discuss the sum rule of Eq. (27b) when both photons are quasi-real. One immediately observes that pseudo-

scalar mesons do not contribute to this sum rule. However scalar, axial-vector and tensor mesons will contribute to

this sum rule. The sum rule will therefore require a cancellation mechanisms between scalar, axial-vector and tensor

mesons, which we will study subsequently. According to Eq. (C13), scalar mesons (with mass m
S

) can only contribute

to the �k term in the sum rule, and their contribution is given by:
ˆ

ds

1

s

2

⇥

�k
⇤

Q

2
1=Q

2
2=0

= 16⇡2 �
��

(S )

m

5
S

. (38)

 cc meson production in γγ collisions  - 

sum rules evaluated 
for cc states  

0-+   
0++   
2++   

0 =

1Z

s0

ds
[�2 � �0](s)

s

- 

- 

duality estimate for continuum 
contribution, above DD threshold

-

interplay between hidden charm mesons (cc states) 
and production of charmed mesons  

1Z

sD

ds
1

s
[�2 � �0] (�� ! X) ⇡

1Z

sD

ds
1

s
[�2 � �0] (�� ! cc̄)

-
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 meson production in γ*γ* collisions    

 γ* 

 γ* 

 with JPC 

• one photon virtual Q12             
second photon: real or quasi-real Q22 ≈ 0

• axial-vector mesons 1++ are also allowed 
if one of the photons is virtual       
γ*γ* → f1(1285) / f1(1420) measured L3 Coll.   

• information on meson transition FFs  

Q12   

Q22   

equivalent 2γ decay width
�̃��(A) ⌘ lim

Q2
1!0

m2
A

Q2
1

1

2
� (A ! �⇤

L�T )
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 meson production in γ*γ* collisions    

both photons real 
or quasi-real  

0 =

1Z

s0

ds


�k

s2
+

1

s

⌧aTL

Q1Q2

�

Q2
1=Q2

2=0

17

which hints at a moderate contribution of either another higher mass axial-vector meson state or a non-resonant

contribution with axial-vector quantum numbers.

m
M

�
��

´
ds

s

2 �k(s)
´
ds

h
1
s

⌧

a
TL

Q1Q2

i

Q

2
i=0

´
ds

h
1
s

2 �k + 1
s

⌧

a
TL

Q1Q2

i

Q

2
i=0

[MeV] [keV] [nb / GeV2] [nb / GeV2] [nb / GeV2]

f1(1285) 1281.8± 0.6 3.5± 0.8 0 �93± 21 �93± 21

f1(1420) 1426.4± 0.9 3.2± 0.9 0 �50± 14 �50± 14

f0(980) 980± 10 0.29± 0.07 20± 5 0 20± 5

f 0
0(1370) 1200� 1500 3.8± 1.5 48± 19 0 48± 19

f2(1270) 1275.1± 1.2 3.03± 0.35 138± 16 >⇠ 0 138± 16

f 0
2(1525) 1525± 5 0.081± 0.009 1.5± 0.2 >⇠ 0 1.5± 0.2

f2(1565) 1562± 13 0.70± 0.14 12± 2 >⇠ 0 12± 2

Sum 76± 36

TABLE IV: Light isoscalar meson contributions to the sum rule of Eq. (27b) based on the present PDG values [18] of the

meson masses (m
M

) and their 2� decay widths �
��

. For the axial-vector mesons, we quote the equivalent 2� decay width �̃
��

of Table VI. Fourth column: �k contribution, fifth column: ⌧a

TL

contribution, sixth column: total contribution to the sum rule

of Eq. (27b).

At finite Q

2
1, for Q

2
2 = 0, the three sum rules of Eqs. (27a, 27b, 27c) imply relations between the transition form

factors for the contributing mesons. To date, experimental results for the �

⇤
� ! meson FFs only exist for the

pseudo-scalar mesons ⇡

0
, ⌘, ⌘

0, and ⌘

c

(1S), as well as for the axial-vector mesons f1(1285), and f1(1420). For other

mesons, in particular the tensor mesons, the corresponding form factors still wait to be extracted. We have seen from

Table II that for real photons the dominant contributions to the helicity sum rule of Eq. (27a) come from ⌘, ⌘

0, and

f2(1270) mesons, where the f2(1270) contribution cancels to 90% the contribution from the ⌘ and ⌘

0 mesons. We will

therefore use the corresponding sum rule of Eq. (27a) at finite Q

2
1 to estimate the �

⇤
� ! f2(1270) helicity-2 FF from

the measured ⌘ and ⌘

0 FFs, given by Eq. (C7). Assuming that the helicity sum rule of Eq. (27a) is saturated by the

⌘, ⌘0, and f2(1270) mesons, we then obtain:
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��
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"

T
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2
⌘

0

⌘2 , (41)

where we have introduced the shorthand notation:

c

P

⌘ �
��

(P)

m

3
P

. (42)

For Q2
1 = 0, the f2(1270) meson contribution cancels to 90% the ⌘+ ⌘

0 contributions to the helicity sum rule. We can

therefore use

5�
��

(f2)

m

3
f2

' c

⌘

+ c

0
⌘

, (43)

which allows us to express Eq. (41) as:
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(0, 0)
'

2
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⌘
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+ c

⌘
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1
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⌘
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c
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0
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1
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2
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⌘

0

⌘2

3

7

5

1/2

. (44)

We can obtain a second estimate for the T (2) FF for the f2(1270) meson from the sum rule of Eq. (27b). We have seen

from Table IV that for quasi-real photons the dominant contributions to this sum rule come from f1(1285), f1(1420),

1++   

0++   

2++   

SR involving L photons: f1(1285), f1(1420) contributions 
               compensated by f2(1270)
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 meson production in γ*γ* collisions    

• use helicity difference SR: assume a2(1320) compensated by π0 

Q12   

0   

 γ* (λ1) 

 γ (λ2) 

 for 2++ : dominant FF for 

 helicity Λ = λ1 - λ2 = 2 
  tensor FFs T(2) (Q12,0) totally unknown

T (2)
f2

(Q2
1, 0)

T (2)
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(0, 0)
'

2

64
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2
⌘0
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3

75

1/2

• use helicity difference SR: assume f2(1270) compensated by η, η’ 

 using PS FF: FP�⇤�⇤(Q2
1, 0)

FP�⇤�⇤(0, 0)
=

1

1 +Q2
1/⇤

2
P

T (2)
a2 (Q2

1, 0)

T (2)
a2 (0, 0)

' 1

(1 +Q2
1/⇤

2
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• use SR involving L photons: f2(1270) compensated by f1(1285), f1(1420) 

T (2)
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'
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 meson production in γ*γ* collisions    

sum rules allow to make a prediction for the 
(yet unmeasured) helicity-2 FF of f2(1270)

using data for η, η’ FF

using data for f1(1285), 
f1(1420) FF
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 Conclusions  

• 3 new super-convergence relations for γ*γ scattering,        
sum rules for LbL scattering coefficients  

•  sum rules verified in perturbative quantum field theory

•  γ*γ sum rules for meson production:

   compensations between different mesons verified

   π0 and a2(1320),               η, η’ and f2(1270), f2(1565), 

   f2(1270) and f1(1285), f1(1420),  hidden and open charm mesons

•  for virtual photons: predictions for meson FFs, sum rule tests,    

   constraints on models for LbL scattering to (g-2)µ
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results from data: e+e- -> π+π-  

e+e�→π+π�!

ρ  
resonance 

Data BES-III 
 400 pb-1 
 

+!

Factor 7.5 more statistics 
available; so far only tagged 
ISR photons  
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Radiative Return 
to ρ resonance 

MC Phokhara 

Data (400 pb-1) +!

 
   Feasibility studies using Monte Carlo generator PHOKHARA 
    BES-III data sample of 10 fb-1 provides similar statistics as BABAR (454 fb-1)  

   Analysis on most relevant channel e+e� →π+π� started 

Czyz, Kühn, Rodrigo, … (since 1999)!

Zimmermann (2011)!

BES
-II

I!

Pre
lim

ina
ry!

BES
-II

I!

Pre
lim

ina
ry!
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 γ*γ→ η/η’ : η-η’ mixing 

γ* γ -> η γ* γ -> η‘ η -> γ e+ e-

data : MAMI
     

bands: uncertainties from different mixing scenarios

Spacelike (q2 < 0): e+e- colliders Timelike (q2 > 0): meson decays

η-η’ mixing probes strange quark content of light pseudo-scalar mesons 
           and gluon dynamics of QCD 

η/η’ transition Form Factors encode information on different mixing scenarios
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