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Introduction

Deep into low-x region of Protons

Partons in the low-x region is dominated by gluons.
Gluon splitting functions have 1/x singularities.
Resummation of the αs ln 1

x .
The dynamics becomes non-linear at high gluon density.
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Introduction

Phase diagram in QCD

Consider the evolution inside a hadron:

Low Q2 and low x region⇒ saturation region.

Use BFKL equation and BK equation instead of DGLAP equation.

BK equation is the non-linear small-x evolution equation which describes
the saturation physics.
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Introduction

Collinear Factorization vs k⊥ Factorization

Collinear Factorization

xp+, k⊥ = 0 xp+, k⊥ = 0

k⊥ Factorization(Spin physics and saturation physics)

The incoming partons carry no k⊥ in the Collinear Factorization.

In general, there is intrinsic k⊥. It can be negligible for partons in protons, but should be taken into
account for the case of nucleus target with large number of nucleons (A→∞).

k⊥ Factorization: High energy evolution with k⊥ fixed.

Initial and final state interactions yield different gauge links. (Process dependent)

In collinear factorization, gauge links all disappear in the light cone gauge, and PDFs are universal.
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Introduction

kt dependent parton distributions

The unintegrated quark distribution

fq(x, k⊥) =

∫
dξ−d2ξ⊥
4π(2π)2 eixP+ξ−+iξ⊥·k⊥〈P

∣∣∣ψ̄(0)L†(0)γ+L(ξ−, ξ⊥)ψ(ξ⊥, ξ
−)
∣∣∣P〉

as compared to the integrated quark distribution

fq(x) =

∫
dξ−

4π
eixP+ξ−〈P

∣∣ψ̄(0)γ+L(ξ−)ψ(0, ξ−)
∣∣P〉

The dependence of ξ⊥ in the definition.
Gauge invariant definition.
Light-cone gauge together with proper boundary condition⇒ parton density
interpretation.
The gauge links come from the resummation of multiple gluon interactions.
Gauge links may vary among different processes.
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Introduction

Dilute-Dense factorizations

The effective Dilute-Dense factorization
γ∗γ∗

p,Ap,A

Protons and virtual photons are dilute probes of the dense gluons inside target hadrons.
For pA (dilute-dense system) collisions, there is an effective kt factorization.

dσpA→qfX

d2P⊥d2q⊥dy1dy2
=xpq(xp, µ

2)xAf (xA, q2
⊥)

1
π

dσ̂
d̂t
.

For dijet processes in pp, AA collisions, there is no kt factorization[Collins, Qiu,
08],[Rogers, Mulders; 10].
At forward rapidity y, xp ∝ ey is large, while xA ∝ e−y is small.
Ideal opportunity to search gluon saturation.
Systematic framework to test saturation physics predictions.
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Introduction

Why is the di-jet production process special?

Initial state interactions and/or final state interactions

In Drell-Yan process, there are only initial state interactions.∫ +∞

−∞
dk+

g
i

−k+
g − iε

A+(kg) =

∫ −∞
0

dζ−A+(ζ−)

Eikonal approximation =⇒ gauge links.
In DIS, there are only final state interactions.∫ +∞

−∞
dk+

g
i

−k+
g + iε

A+(kg) =

∫ +∞

0
dζ−A+(ζ−)

Eikonal approximation =⇒ gauge links.
However, there are both initial state interactions and final state interactions in
the di-jet process for all the active partons.
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A Tale of Two Gluon Distributions

A Tale of Two Gluon Distributions

In small-x physics, two gluon distributions are widely used:[Kharzeev, Kovchegov, Tuchin; 03]
I. Weizsäcker Williams gluon distribution ([KM, 98] and MV model):

xG(1) =
S⊥
π2αs

N2
c − 1
Nc

⇐

×
∫

d2r⊥
(2π)2

e−ik⊥·r⊥

r2
⊥

(
1− e−

r2
⊥Q2

sg
2

)
II. Color Dipole gluon distributions:

xG(2) =
S⊥Nc

2π2αs
k2
⊥ ⇐

×
∫

d2r⊥
(2π)2 e−ik⊥·r⊥e−

r2
⊥Q2

sq
4

rT

Remarks:

The WW gluon distribution simply counts the number of gluons.

The Color Dipole gluon distribution often appears in calculations.

Does this mean that gluon distributions are non-universal? Answer: Yes and No!
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A Tale of Two Gluon Distributions

A Tale of Two Gluon Distributions

[F. Dominguez, C. Marquet, BX and F. Yuan, 11]
I. Weizsäcker Williams gluon distribution

xG(1) =
S⊥
π2αs

N2
c − 1
Nc

⇐

×
∫

d2r⊥
(2π)2

e−ik⊥·r⊥

r2
⊥

(
1− e−

r2
⊥Q2

sg
2

)
II. Color Dipole gluon distributions:

xG(2) =
S⊥Nc

2π2αs
k2
⊥ ⇐

×
∫

d2r⊥
(2π)2 e−ik⊥·r⊥e−

r2
⊥Q2

sq
4
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A tale of two gluon distributions
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A Tale of Two Gluon Distributions

A Tale of Two Gluon Distributions

In terms of operators (known from TMD factorization), we find these two gluon distributions
can be defined as follows: [F. Dominguez, C. Marquet, BX and F. Yuan, 11]
I. Weizsäcker Williams gluon distribution:

xG(1) = 2
∫

dξ−dξ⊥
(2π)3P+

eixP+ξ−−ik⊥·ξ⊥Tr〈P|F+i(ξ−, ξ⊥)U [+]†F+i(0)U [+]|P〉.

II. Color Dipole gluon distributions:

xG(2) = 2
∫

dξ−dξ⊥
(2π)3P+

eixP+ξ−−ik⊥·ξ⊥Tr〈P|F+i(ξ−, ξ⊥)U [−]†F+i(0)U [+]|P〉.

ξ
−

ξT

ξ
−

ξT

U [−] U [+]

Remarks:
The WW gluon distribution is the conventional gluon distributions. In light-cone gauge, it
is the gluon density. (Only final state interactions.)
The dipole gluon distribution has no such interpretation. (Initial and final state
interactions.)
Both definitions are gauge invariant.
Same after integrating over q⊥.
Same perturbative tail.
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A Tale of Two Gluon Distributions

A Tale of Two Gluon Distributions

In terms of operators, we find these two gluon distributions can be defined as follows: [F.
Dominguez, C. Marquet, BX and F. Yuan, 11]
I. Weizsäcker Williams gluon distribution:

xG(1) = 2
∫

dξ−dξ⊥
(2π)3P+

eixP+ξ−−ik⊥·ξ⊥Tr〈P|F+i(ξ−, ξ⊥)U [+]†F+i(0)U [+]|P〉.

II. Color Dipole gluon distributions:

xG(2) = 2
∫

dξ−dξ⊥
(2π)3P+

eixP+ξ−−ik⊥·ξ⊥Tr〈P|F+i(ξ−, ξ⊥)U [−]†F+i(0)U [+]|P〉.

ξ
−

ξT

ξ
−

ξT

U [−] U [+]

Questions:
Can we distinguish these two gluon distributions? Yes, We Can.
How to measure xG(1) directly? DIS dijet.
How to measure xG(2) directly? Direct γ+Jet in pA collisions.
For single-inclusive particle production in pA up to all order.
What happens in gluon+jet production in pA collisions? It’s complicated!
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Di-hadron productions DIS dijet

DIS dijet

[F. Dominguez, C. Marquet, BX and F. Yuan, 11]

(a) (b) (c)

q2 q2

k1

k2 k2

k1

dσγ
∗
T A→qq̄+X

dP.S. ∝ Ncαeme2
q

∫
d2x

(2π)2

d2x′

(2π)2

d2b
(2π)2

d2b′

(2π)2 e−ik1⊥·(x−x′)

×e−ik2⊥·(b−b′)
∑

ψ∗T (x− b)ψT(x′ − b′)[
1 + S(4)

xg (x, b; b′, x′)− S(2)
xg (x, b)− S(2)

xg (b′, x′)
]

︸ ︷︷ ︸
−uiu′j

1
Nc
〈Tr[∂iU(v)]U†(v′)[∂jU(v′)]U†(v)〉xg⇒Operator Def

,

Eikonal approximation⇒Wilson Line approach [Kovner, Wiedemann, 01].
In the dijet correlation limit, where u = x− b� v = zx + (1− z)b

S(4)
xg (x, b; b′, x′) = 1

Nc

〈
TrU(x)U†(x′)U(b′)U†(b)

〉
xg
6= S(2)

xg (x, b)S(2)
xg (b′, x′)

Quadrupoles are generically different objects and only appear in dijet processes.
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Di-hadron productions DIS dijet

DIS dijet

The dijet production in DIS.

(a) (b) (c)

q2 q2

k1

k2 k2

k1

TMD factorization approach:

dσγ
∗
T A→qq̄+X

dP.S. = δ(xγ∗ − 1)xgG(1)(xg, q⊥)Hγ∗T g→qq̄,

Remarks:

Dijet in DIS is the only physical process which can measure Weizsäcker Williams gluon
distributions.

Golden measurement for the Weizsäcker Williams gluon distributions of nuclei at small-x.
The cross section is directly related to the WW gluon distribution.

EIC and LHeC will provide us perfect machines to study the strong
gluon fields in nuclei. Important part in EIC and LHeC physics.
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Di-hadron productions DIS dijet

Di-Hadron correlations in DIS

Di-pion correlations at EIC

C(∆φ) =

∫
|p1⊥|,|p2⊥|

dσeA→h1h2

dy1dy2d2p1⊥d2p2⊥∫
|p1⊥|

dσeA→h1

dy1d2p1⊥

Forward di-hadron correlations in 

d+Au collisions at RHIC
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Figure 3.21: Left: Saturation model prediction of the coincidence signal versus azimuthal angle
difference ∆ϕ between two hadrons in ep, eCa, and eA collisions [165, 166]. Right: Comparison
of saturation model prediction for eA collisions with calculations from conventional non-saturated
model for EIC stage-II energies. Statistical error bars correspond to 10 fb−1/A integrated
luminosity.

There are several advantages to studying di-hadron correlations in eA collisions ver-2105

sus dAu. Directly using a point-like electron probe, as opposed to a quark bound in a2106

proton or deuteron, is extremely beneficial. It is experimentally much cleaner as there is2107

no “spectator” background to subtract from the correlation function. The access to the2108

exact kinematics of the DIS process at EIC would allow for more accurate extraction of2109

the physics than possible at RHIC or LHC. Because there is such a clear correspondence2110

between the physics of this particular final state in eA collisions to the same in pA collisions,2111

this measurement is an excellent testing ground for universality of multi-gluon correlations.2112

The left plot in Fig. 3.21 shows prediction in the CGC framework for dihadron ∆ϕ2113

correlations in deep inelastic ep, eCa, and eAu collisions at stage-II energies [165, 166].2114

The calculations are made for Q2 = 1 GeV2. The highest transverse momentum hadron in2115

the di-hadron correlation function is called the “trigger” hadron, while the other hadron is2116

referred to as the “associate” hadron. The “trigger” hadrons have transverse momenta of2117

ptrig
T > 2 GeV/c and the “associate” hadrons were selected with 1 GeV/c < passoc

T < ptrig
T .2118

The CGC based calculations show a dramatic “melting” of the back-to-back correlation2119

peak with increasing ion mass. The right plot in Fig. 3.21 compares the prediction for2120

eA with a conventional non-saturated correlation function. The latter was generated by a2121

hybrid Monte Carlo generator, consisting of PYTHIA [169] for parton generation, showering2122

and fragmentation and DPMJetIII [170] for the nuclear geometry. The EPS09 [150] nuclear2123

parton distributions were used to include leading twist shadowing. The shaded region2124

reflects uncertainties in the CGC predictions due to uncertainties in the knowledge of the2125

saturation scale, Qs. This comparison nicely demonstrates the discrimination power of these2126

measurement. In fact, already with a fraction of the statistics used here one will be able to2127

exclude one of the scenarios conclusively.2128

The left panel of Fig. 3.22 depicts the predicted suppression through JeAu, the relative
yield of correlated back-to-back hadron pairs in eAu collisions compared to ep collisions

76

EIC stage II energy 30× 100GeV.

Using: Q2
sA = c(b)A1/3Q2

s (x).

Physical picture: Dense gluonic matter suppresses the away side peak.
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Di-hadron productions DIS dijet

Di-Hadron correlations in DIS

The estimate of di-pion correlations at EIC

JeA =
1
〈Ncoll〉

σpair
eA /σeA

σpair
ep /σep

Forward di-hadron correlations in 

d+Au collisions at RHIC
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Figure 3.22: Left: Relative yield of di-hadrons in eAu compared to ep collisions, JeAu, plotted
versus xg, the relative momentum fraction of the probed gluon. Shown are predictions for
linear (nosat) and non-linear (sat) QCD models for EIC stage-II energies. Statistical error
bars correspond to 10 fb−1/A integrated luminosity. Right: The corresponding measurement

in
√

s = 200 GeV per nucleon dAu collisions at RHIC [167]. Here xfrac
A is a only a rough

approximation of the average momentum fraction of the struck parton in the Au nucleus. Curves
depict calculations in the CGC framework.

scaled down by A1/3 (the number of nucleons at a fixed impact parameter)

JeA =
1

A1/3

σpair
eA /σeA

σpair
ep /σep

. (3.15)

Here σ and σpair are the total and the dihadron pair production cross sections (or normalized2129

yields). The absence of nuclear effects would correspond to JeA = 1,6 while JeA < 1 would2130

signify suppression of di-hadron correlations. In the left panel of Fig. 3.22, JeAu is plotted as2131

a function of the the longitudinal momentum fraction of the probed gluon xg. Compared to2132

the measurement shown in the right panel of Fig. 3.21 this study requires the additional ep2133

baseline measurement but has the advantage of several experimental uncertainties canceling2134

out. It is instructive to compare this plot with the equivalent measurement in dAu collisions2135

at RHIC [167] shown in the right panel of Fig. 3.22. In dAu collisions JdAu is defined2136

by analogy to Eq. (3.15) with A1/3 in the denominator replaced by the number of the2137

binary nucleon–nucleon collisions Ncoll at a fixed impact parameter [167]. Unlike DIS, where2138

Bjorken x is known precisely, the exact momentum fraction of the struck parton cannot be2139

measured in hadron-hadron collisions. Instead JdAu in Fig. 3.22 is plotted against xfrac
A ,2140

which is only a rough approximation of the average momentum fraction of the struck parton2141

in the Au nucleus, derived from the kinematics of the measured hadrons assuming they carry2142

the full parton energy. The two curves in the right panel of Fig. 3.22 represent the CGC2143

calculations from [165, 166] and appear to describe the data rather well. This example2144

nicely demonstrates on the one hand the correspondence between the physics in pA(dA)2145

and eA collisions but on the other hand the lack of precise control in pA that is essential2146

for precision studies of saturation phenomena.2147

6Uncorrelated di-hadron production corresponds to the hadrons being produced in the projectile inter-
actions with different nucleons: at a fixed impact parameter there are ∼ A1/3 nucleons and ∼ A2/3 nucleon
pairs, such that σpair

eA /σeA ∼ A2/3/A1/3 ∼ A1/3 making JeA = 1 in absence of correlations.

77

J is normalized to unity in the dilute regime.

Physical picture: The cross sections saturates at low-x.
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Di-hadron productions Dijet (dihardrons) in pA

γ+Jet in pA collisions

The direct photon + jet production in pA collisions. (Drell-Yan follows the same factorization.)
TMD factorization approach:

dσ(pA→γq+X)

dP.S. =
∑

f

x1q(x1, µ
2)xgG(2)(xg, q⊥)Hqg→γq.

Remarks:

Independent CGC calculation gives the identical result in the correlation limit.

Direct measurement of the Color Dipole gluon distribution.
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Di-hadron productions Dijet (dihardrons) in pA

DY correlations in pA collisions

[Stasto, BX, Zaslavsky, 12]
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M = 0.5, 4GeV, Y = 2.5 at RHIC dAu. M = 4, 8GeV, Y = 4 at LHC pPb.
Partonic cross section vanishes at π⇒ Dip at π.
Prompt photon calculation [J. Jalilian-Marian, A. Rezaeian, 12]
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Di-hadron productions Dijet (dihardrons) in pA

STAR measurement on di-hadron correlation in dA collisions

There is no sign of suppression in the p + p and d + Au peripheral data.

The suppression and broadening of the away side jet in d + Au central collisions is due to
the multiple interactions between partons and dense nuclear matter (CGC).

Probably the best evidence for saturation.
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Di-hadron productions Dijet (dihardrons) in pA

Dijet processes in the large Nc limit

The Fierz identity:

= 1
2

− 1
2Nc and

= 1
2

−1
2

Graphical representation of dijet processes

g→ qq̄:

x2

x1

x�’2

x�’1v=zx1+(1 z)x2 v�’=zx�’1+(1 z)x�’2

⇒
= 1

2
− 1

2Nc

q→ qg
b

x

b�’

x�’

v=zx+(1 z)b v�’=zx�’+(1 z)b�’

⇒

2
= = 1

2
− 1

2Nc

g→ gg

x1 x�’1v=zx1+(1 z)x2 v�’=zx�’1+(1 z)x�’2

x2 x�’2

⇒
= −

= −

The Octupole and the Sextupole are suppressed.
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Di-hadron productions Dijet (dihardrons) in pA

Gluon+quark jets correlation

Including all the qg→ qg, gg→ gg and gg→ qq̄ channels, a lengthy calculation gives

dσ(pA→Dijet+X)

dP.S. =
∑

q

x1q(x1, µ
2)
α2

s

ŝ2

[
F(1)

qg H(1)
qg + F(2)

qg H(2)
qg

]
+x1g(x1, µ

2)
α2

s

ŝ2

[
F(1)

gg

(
H(1)

gg→qq̄ +
1
2

H(1)
gg→gg

)
+F(2)

gg

(
H(2)

gg→qq̄ +
1
2

H(2)
gg→gg

)
+ F(3)

gg
1
2

H(3)
gg→gg

]
,

with the various gluon distributions defined as

F(1)
qg = xG(2)(x, q⊥), F(2)

qg =

∫
xG(1) ⊗ F ,

F(1)
gg =

∫
xG(2) ⊗ F, F(2)

gg = −
∫

q1⊥ · q2⊥
q2

1⊥
xG(2) ⊗ F ,

F(3)
gg =

∫
xG(1)(q1)⊗ F ⊗ F ,

where F =
∫ d2r⊥

(2π)2 e−iq⊥·r⊥ 1
Nc

〈
TrU(r⊥)U†(0)

〉
xg

.
Remarks:

All the above gluon distributions can be written as combinations and convolutions of two fundamental
gluon distributions.
This describes the dihadron correlation data measured at RHIC in forward dAu collisions.
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Di-hadron productions Dijet (dihardrons) in pA

Comparing to STAR and PHENIX data

Physics predicted by C. Marquet. Further calculated in[A. Stasto, BX, F. Yuan, 11]

Forward di-hadron correlations in 

d+Au collisions at RHIC
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s (x).
Physical picture: Dense gluonic matter suppresses the away side peak.
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Conclusion

Conclusion

Conclusion:

DIS dijet provides direct information of the WW gluon distributions. Perfect for testing
saturation physics calculation, and ideal measurement for EIC and LHeC.

Modified Universality for Gluon Distributions:

Inclusive Single Inc DIS dijet γ +jet g+jet
xG(1) × × √ × √

xG(2), F
√ √ × √ √

×⇒ Do Not Appear.
√⇒ Apppear.

Two fundamental gluon distributions. Other gluon distributions are just different
combinations and convolutions of these two.

The small-x evolution of the WW gluon distribution, a different equation from
Balitsky-Kovchegov equation;[Dominguez, Mueller, Munier, Xiao, 11]

Dihadron correlation calculation agrees with the RHIC STAR and PHENIX data.
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