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Lattice Simulation



Choice of Fermion Actions

SQCD = SG + SF

SF Chiral Symmetry Flavor Symmetry Comments

Overlap Exact Yes Very Expensive

Domain Wall L5 →∞ Yes Expensive

Wilson/Clover To O(a2) Yes Fast

Twisted Mass To O(a2) No mπ0/mπ+ ≈ 0.7

Staggered Mingles spin and flavor No Nonlocal



Cost of Simulation

1000 Configurations ’Events’

Wilson

QCDSF, Lüscher, Urbach et al., · · · Clark



Recent Advances

< 2006 2007

ChPT O(p4)

68.3% CL



Determination of Scale

ZA cancels , FS effects & leading log’s largely cancel r0 = 0.45(1) fm



Basics
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p = 1
2(p1+p2), ∆ = p2−p1, q = 1

2(q1+q2)

ξ = 0: Momentum transfer of the struck parton

purely transverse, i.e. ∆ = ∆⊥

⇑

Of interest to us here only~w­

Matrix elements of local operators

Oqµ1···µn =

„
i

2

«n−1

q̄γµ1
D
↔

µ2
· · ·D↔µnq

O5q
σµ1···µn =

„
i

2

«n
q̄γσγ5D

↔
µ1
· · ·D↔µnq

OTqµνµ1···µn =

„
i

2

«n
q̄σµνγ5 D

↔
µ1 · · ·D

↔
µnq



Nucleon

〈p1, s| Oq{µ1···µn}
|p2, s〉 = ū(p1, s)

h
Aq
n(∆

2) γ{µ1

+Bq
n(∆

2)
i∆α

2mN

σα{µ1

i
pµ2
· · · pµn} u(p2, s) + · · ·

〈p1, s|O5q
{µµ1···µn}

|p2, s〉 = ū(p1, s)
h
Ãq
n+1(∆

2) γ{µγ5pµ1
· · · pµn}

i
u(p2, s) + · · ·

〈p1, s|OTqµ{νµ1···µn}
|p2, s〉 = ū(p1, s)

h
A
Tq
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) σµ{νγ5 − ÃTq
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2
)
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2m2
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´
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+ B̄
Tq
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2
) εαβµ{ν

∆αγβ

2mN

i
pµ1 · ·pµn}u(p2, s) + · · ·



Aq
n(∆

2) =

Z 1

0

dx xn−1Hq(x,∆2)

Bq
n(∆

2) =

Z 1

0

dx xn−1Eq(x,∆2)

Ã
q
n(∆

2
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Z 1

0

dx x
n−1

H̃
q
(x,∆

2
)

ATq
n (∆2) =

Z 1

0

dx xn−1HTq(x,∆2)

H
q
(x, 0) = q(x)

H̃
q
(x, 0) = ∆q(x)

HTq(x, 0) = δq(x)

↑
GFFs

↑
GPDs
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T (∆

2
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∆2 = t = −Q2



Impact Parameter Space

Generically

Aq
n(b

2
⊥) =

Z
d2∆⊥
(2π)2

e i b⊥∆⊥Aq
n(∆

2
⊥) ⇐⇒ 〈p+, s|q̄(b⊥) · · · q(b⊥)|p+, s〉

|p+, s〉 = N
Z

d2p⊥
(2π)2

|p+, p⊥, s〉

Hq(x, b2
⊥) =

Z
d2∆⊥
(2π)2

e i b⊥∆⊥Hq(x,∆2
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F1(b
2
⊥) ≡ A1(b

2
⊥) H(x, b2

⊥)

Probability interpretation Burkardt



Hq(x,∆2) =

Z 1

x

dy

y
C

„
x

y
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«
q(y) Similarly for H̃q and HT q
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By inverse Mellin transform
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Nucleon Structure

Nf = 2 ‘Valence’ quark distributions



Form Factors

Sachs form factors

F1(∆
2
) = A1(∆

2
)

F2(∆
2
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2
)

Ge(∆
2) = F1(∆
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4m2
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F2(∆
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2
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2
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F1(0) = e
N

F2(0) = µ
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Ge(0) = e
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= 1 + κ
N

Benchmark calculation



Expect (dimensional counting)

F1(Q
2
) ∝ 1

(Q2)2

F2(Q
2
) ∝ 1

(Q2)3

Q2 = −∆2
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Chiral extrapolation



Fi(Q
2) = Fi(0)
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1− 1
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ChPT
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
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Radii

[fm2] Lattice Experiment ChPT

(ru1 )2 0.67(3)

(rd1)2 0.93(4)

(rv1)2 0.41(5) 0.58 0.71

(ru2 )2 0.69(3)

(rd2)2 0.74(5)

(rv2)2 0.72(6) 0.80 0.60



Chiral extrapolation (ctd.)
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3
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3
κu +

2

3
κd



ChPT
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Finally



Very preliminary



Spin Asymmetries

λ⊥ quark spin

s⊥ nucleon spin
Transverse spin density

⇓

〈p+, s⊥|q̄(b⊥)
ˆ
γ+ − λ⊥i σ+j γ5

˜
q(b⊥)|p+, s⊥〉 =
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⇑
Quadrupole

Diehl & Hägler



Dipole fit

To be extrapolated to chiral limit

1st moment
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Nucleon and quarks both polarized



(Orbital) Angular Momentum
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Comparison with experiment



GPDs
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Pion Structure

Nf = 2 ‘Valence’ quark distributions



Form Factor

Expect (dimensional counting)

F π(∆2) = A1(∆
2) F π(Q2) ∝ 1

Q2
Q2 = −∆2

Ansatz

F π(Q2) = 1/(1 +Q2/m2)−1
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Spin Asymmetries

λ⊥ quark spinTransverse spin density

⇓

〈p+|q̄(b⊥)
ˆ
γ+ − λ⊥i σ+j γ5
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⇑
Dipole

Hägler et al.
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Conclusions & Outlook



• Simulations at small pion masses mπ with Wilson-

type fermions feasible now

• Improvement of algorithms

• Increase of computing power

• Extrapolation to chiral limit and infinite volume

greatly improved

FS corrections surprisingly well

described by ChPT

• Current simulations done at mπ = O(300) MeV • 2007/8: mπ → 250 MeV

• 2008/9: mπ → 200 MeV

On spatial volumes & (3 fm)3

⇓
Resolution of pion cloud

• Challenge: Evaluation of disconnected diagrams


