New Method of Analytical QCD Evolution of
Parton Densities in z — 1Region

Asli Tandogan
Advisor: Dr. Anatoly Radyushkin

Physics Department, Old Dominion University

New Method of Analytical QCD Evolution of Parton Densities in z — 1 Region




Outline
Introduction
Motivations

QCD Evolution of Parton Densities
ERBL Evolution Equation
The Non-Forward Evolution Kernel
Evolution for ERBL
DGLAP Evolution Equation
DGLAP Kernel

Evolution for DGLAP
Conclusion

New Method of Analytical QCD Evolution of Parton Densities in z — 1 Region




Introduction

Introduction

» Distribution Amplitudes ¢(z1, z2, ..., ,,): Describe how the
longitudinal momentum of a fast-moving hadron is shared
among constituents belonging to a particular Fock
component (ERBL evolution)

» Parton Densities f(x): Give probability to find, in a hadron,

a quark or a gluon carrying a particular fraction of the
hadron’s longitudinal momentum (DGLAP evolution)
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Motivations

Motivations
» ERBL Evolution Equation for DA
d 1
F = [ Vew)otdy
0

» Evolution Kernel

Viz,y) = (g (1 + y_%)) 0(z < y)

) P

where t = 2In(u?/A?)/bpandz=1—=x
» Plus prescription

V(e,y)s = Viz.y) — 6y — ) /0 V(z,y)dz
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Motivations

Motivations (cont'd)

» Solution by Gegenbauer polynomial expansion

oo

go(x,t) = (:L'f) Z 03/2(23; _ 1)6—'ynt

n=1

> Singularity ;1 generates (tInz)" and (¢Inz)" terms
» Requires infinite summation over N
» Also, if initial conditions correspond to flat DA, infinite sum
over Gegenbauer n is needed
» In Broniowski, Arriola and Golec-Biernat paper
(Phys.Rev.D77:034023,2008) Gegenbauer Polynomials
approach is used to get (z(1 — z))! exponentiation
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ERBL Evolution Equation

QCD Evolution of Parton Densities

900000000000 00000000

(e —k-n/P-n)

Diagramatic Expansions of the ERBL Kernel

Aoz —y)

y—x
+x =7, y—=7)

— No “+” prescription =Singularity

)) 0z <y) 5 Vy(z,y) = —0(y — ) /01 dzVi(z,y)

— “+” prescription = Singularity is
regulated
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QCD Evolution of Parton Densities
0O@000000000000000000
ERBL Evolution Equation

The non-forward Evolution Kernel

Viz,y) = (; (1+ﬁ))+e(x <)
s

wherez =1—xand V(z,y)+ = V(z,y)

_foo

X
Vnon-sing.(xay) = (5) Oz <y)+(r—7, y—7)
+

Vsmg.(xvy) = (m)+‘9(x <y)+(r—=7, y—79)

o (w1 =
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QCD Evolution of Parton Densities
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ERBL Evolution Equation

Evolution Equation for ERBL

d 1
%= [ veaewi

1

1 1
- /0 V(1) d(y)dy — /0 5z — 1)é(y)dy /0 V(z y)dz
1 1
- / V(. y)é(w)dy — d(z) / V(e y)dz
0 0

“+”-prescription acts on 1st variable, while integration is over
2nd one: rearrange by adding and subtracting fol Vix,y)o(x)dy

@_ 1

1
= [ Vel - s@ldy - ole) [ V() - Vil
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ERBL Evolution Equation

QCD Evolution of Parton Densities

Evolution of a DA

» For Singular Part

» Evolution equation

1
/0 V(y,2) — V (2, y))dy = —2 — In(a7)

dp [
dat — J,
» Ansatz:

V(z,y)o(y) — é(x)]dy + ¢(2)(2 + In(27T))

P(x,t) = !CTEN (1 ¢).
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QCD Evolution of Parton Densities
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ERBL Evolution Equation

» Equation for ®:
dd ! 1
= | Ve # o ey

» Represent as series expansion in ¢

Bt = 30 (o)

n=0

» Recursion relation

Pny1(x / i ( |l,90l(y) (hl %>”l> - @n(ﬁ)] dy
=0

» For a flat initial distribution amplitude: ¢o(z) =1 — ¢1(x) =0
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ERBL Evolution Equation

QCD Evolution of Parton Densities
00000e00000000000000

Expansion Components for Flat DA

p3(z) =

ﬂvmwmwmﬂ

%) +201(y)In (g)
+p2(y) — p2(x)]dy

%%mzﬂmemwm<
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QCD Evolution of Parton Densities
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ERBL Evolution Equation

Calculation of Expansion Components

— po(z) = —2lnzlnz
7T2 7T2
p3(z) = — ?lnf— glnx +5In?ZInz +5nzIn’x

+2(2InZ 4 Inz)Lis(Z) + 2(InZ 4 2Inz)Liz(x)
—A4Liz(z) — 4Lis(x) + 8¢(3)

Using the relation Liz(z) + Liz(Z) = 72/6 — InxIn7:

— ¢3(z) =3In(2T) InZTInz + 2InTLiy(T)
+2Inzlis(x) — 4Lis(T) — 4Lis(z) + 8¢(3)
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QCD Evolution of Parton Densities
0000000 @000000000000

ERBL Evolution Equation

Graphical Results for Expansion Components

+21Inzlis(z) — 4Lis(F) — 4Lis(z) + 8¢(3)
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QCD Evolution of Parton Densities
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ERBL Evolution Equation

Normalization

2 3
Gsing. (7, 1) = Ne*' (27)" (m(w) + to1(z) + %m(m) + %ws(x))

where N is the normalization constant and was calculated
analytically when the terms up to ¢2(x) was included.
e 2T (2 + 2t)
(T +))* Q=2 ((He — Hipot)* + ¢1(2 + 21)))

where H,, is harmonic numbers and ¢ is polygamma function.
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ERBL Evolution Equation

QCD Evolution of Parton Densities
000000000 @0000000000

Animation of Evolution

(Loading )
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ERBL Evolution Equation

QCD Evolution of Parton Densities
0000000000 e000000000

Adding the Non-Singular Part

1
/0 V(y,z) = V(z,y)ldy

—-3/2—2InT—-Thhz
where L, = 3/2 + In(zZ).

—L,+zxznx+ZInT
» Evolution Equation

» Ansatz:

v

1
% = | veniew - @i + 6oL — otz —7ina)

Equation for ®:

o(z,t) =2 (27)' D (x, 1)

1 _
%:/ V(z,y)[e!'™ % d(y, t) — B(x, t)]dy — ®(z,t)(xInz — TInz)
0
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QCD Evolution of Parton Densities
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ERBL Evolution Equation

Calculation of the Expansion Components

» Recursion relation

ponrle) = [ Vi)

> (m_n—!l)mwl(y)LZ;l> - wn(w)] dy

=0
—pp(z)(zlnz +ZTInT)
» Expansion components
po(z) =1
1
e1(x) :/0 V(z,y)[po(y) — ¢o(®)ldy — po(x)(xInz + TInT)
—¢1(z) =— (zlnzx+Zln7)

1 _
— @a(x) :/ V(x,y)[ln% —ylny —gny+zlnz +ZInZ|dy
0

+(zlnz +ZInT)?
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QCD Evolution of Parton Densities
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ERBL Evolution Equation

Graphical Results for Expansion Components

va(z) —lnZ (1 — 2z + 2T 1n E)
x T
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QCD Evolution of Parton Densities
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ERBL Evolution Equation

Normalization

2
6(.0) =N (az)' (1u(o) + t) + rioalo)

where N is the normalization constant and was calculated
analytically when the terms up to ¢, (z) was included.

B Altte=32(1 £ HT(3/2 4 t)

VAT +)(2+t+2t(1+ ) (—Hy + Hiyor))
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ERBL Evolution Equation

QCD Evolution of Parton Densities
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Animation of Evolution

(Loading)
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QCD Evolution of Parton Densities
000000000000 000e0000
ERBL Evolution Equation

Evolution of Anti-Symmetric Flat DA

» Singular Part

1
/0 V(. ) — V(. y)]dy =

2 — In(27)

— Ly +2In|1 — 2z
where L, = 2 + In(2Z) + 21n |1 — 2z|

v

In|1 — 2z| is added and subtracted to eliminate the
singularities

v

Evolution equation

1
& = [ Vot o 0ldy+ o(a) (L — 21n )1 — 20)
> Ansatz:

v

O, 1) = e (27)"|1 = 22| @ (x, 1)
Equation for ®(z, ¢):

dd 1 n ¥ In|1—2y|
G = | Vit
0

1—2z|

)<I>(y, t) — ®(z,t)]dy — ®(z,¢)(xInz — TInT)

=] [
New Method of ytical QCD Evolution of Pa

Densities in = — 1 Region



ERBL Evolution Equation

QCD Evolution of Parton Densities
000000000000 0000e000

Expansion Components

m(x):{ 1 0<2<1/2

-1 1/2<z<1

1
e1(x) = /0 Vi@, y)lpo(y) — wo())dy — @o(x)(2In |1 — 2z()

—2InT 0<z<1/2
ewm:{ /

2Inz 1/2<z<1

1
pa() = /0 V(@ 9)[20) Lys + 21(5) — o1 (2)]dy — o) 21 |1 — 22])

+2In(zZIn 5 — 2Lis(F) + 2Ly () — 4Lis(22)

—"—32 —InT (ln (52(1;21>3)) —In(1 — 2z) In(162°%) + 2im In 55
= a() = | +2Liz (2] + 2Lip [ 15| - 2Lia [ 2] + 2Lia [1522]
+o -

r—T
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QCD Evolution of Parton Densities
000000000000 00000e00

ERBL Evolution Equation

Animation of Evolution
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ERBL Evolution Equation

QCD Evolution of Parton Densities
000000000000 000000e0

Adding the Non-Singular Part

1
/0 V(y,z) = V(z,y)ldy=—3/2—xInT —Tlnz

Ly+zlnz+7TInT+2In|1 — 2z
where L, = 3/2 + In(27) 4+ 21In |1 — 2z
» Ansatz:

o(x,t) =2 (271 — 222D (2, 1)
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QCD Evolution of Parton Densities
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ERBL Evolution Equation

Graphical Results for Expansion Components and
Animation of Evolution
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DGLAP Evolution Equation

QCD Evolution of Parton Densities
00000
DGLAP Kernel

x)—a(x—n(llt“j)
_ <1—i—:c2
Pla.y) = (1= afy+ Tt bafy < 1)

Singular part of P(z,y)

Ps(x7y) =

2z/y
1

— w/yO(x/y <1)
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QCD Evolution of Parton Densities

O@0000

DGLAP Evolution Equation

Evolution Equation for DGLAP

z 1
wz /0 %P(x,ym(y).

_dfiz’t) :/0 %P(x,y)f(y)—/o %é(:c—y)f(y)/o P(z,y)dz

[ty flx) [
- / VP f) - 1 / Pz, 2)d

“+”-prescription acts on 1st variable, while integration is over 2nd one:
rearrange by adding and subtracting fol %P(x, y) f(z)

PO [ Y ppise) - s+ ) [ [H22 - 220,

z T
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QCD Evolution of Parton Densities
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DGLAP Evolution Equation

Singular Part

» For Singular Part

/1 [Ps((:c,z) - Ps((w)] dz=2+2In%

z T

» Ansatz:
f(:I},t) :6,2t(1-i-1n5)1;1<m7 t)

Define L, =2+ 2In7.
» Recursion relation

oo

Flz,t)=Y_ t”ﬂn.(x)
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QCD Evolution of Parton Densities

000e00

DGLAP Evolution Equation

Expansion Components

We chose po(z) as (1 — z)3.

1
p1(z) =/ %P(w, Y)lpo(y) — po(z)]
=z (5 — 8z + 322 +2 (3—3z+ x2) Logl[x])
1 dy
pala) = [P D) L+ p1(0) — pr(a)
=7x(9z — 11) 4+ 2(x(—5+ 2(7 — 32)z — 2in(3 + (z — 3)x))
21+ 23+ (z — 3)2)) InT) Inz + 42(3 + (= — 3)2)Lis H

—4Li2 [ZC]
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QCD Evolution of Parton Densities
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DGLAP Evolution Equation

Graphical Results for Expansion Components
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DGLAP Evolution Equation

QCD Evolution of Parton Densities
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Animation of Evolution

(Loading)
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Conclusion

Conclusion

» We found a new method which allows the calculation of
evolution at the borders

» Since our expansion is all orders in the prefactor the
method is simpler than the previous methods
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