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Definition

@ F.....0(qi,q3) relates two (in general, virtual) photons with

the lightest hadron, the pion
@ Plays special role among exclusive processes in QCD

@ For real photons F,-.,.0(0,0) determines rate of 7% — v
decay, deeply related to axial anomaly

@ For large photon virtualities, it has simplest structure
analogous to that of form factors in deep inelastic scattering

@ Comparing pQCD predictions with data gives information
about shape of the pion DA ¢, (x)



@ Since only one hadron is involved, v*~v*7° has simplest
structure for pQCD analysis

@ Nonperturbative information about pion is accumulated in
pion DA ¢ (x)

@ Short-distance amplitude for v*~v* — 70 at leading order is
given by single quark propagator

@ Cleanest situation: both photon virtualities are large, but
experiments are difficult due to very small cross section.
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@ Pion DA ¢, (x): momentum sharing for pion in valence gq

e configuration

zp

@ Chernyak; A.R. 1977: function whose x™ moments

1
fn = / " C,Oﬂ(l‘) dx
0
are given by reduced matrix elements of twist-2 local
operators
"+ (0[d(0)y5 {7» Dy, .- . Dy, }u(0)|x*, P)
={P,P,...P,} [
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@ Jackson, 1977; Lepage & Brodsky,1979: k, -integral of
light-front wave function ¥ (z, &, )

V6 2
or(x,p) = (@) /k‘i<#2 U(x, ky)d®k,

@ zeroth moment of ¢ (x): matrix element of the axial current

/01 px(@) dz = [

pion decay constant f, =~ 130 MeV.



Shape and Evolution of Pion DA
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Radyushkin @ Integral under ¢, (z) curve is fixed, but not its shape

@ Shape of pion DA depends on renormalization scale u:
en(x) = px(z, p).
@ Evolution equation for pion DA may be written in matrix form

Zanfk

uw

A.R. 1977

@ Orin kernel form

d 1
u;%mm:/vmw%mmw
1% 0

Lepage&Brodsky:1979



Solution of Evolution Equation
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Viz,y) = ;—;CF Bﬁ(x<y) <1+xiy> —|—{x<—>y}}

+

@ The “+"-operation is defined by
1
Flag)) = Fle,) =3~ 9) [ Fe)
0

@ Expansion over Gegenbauer polynomials

n 2z —1
r(@, 1) = 6frx(l - {1""2(115 2/A23iy2 //31}

Efremov & A.R. 1978; Lepage & Brodsky,1979




Shape of Pion DA at Low Scales

@ What is shape of pion DA at low scales u <1 GeV?
@ Simplistic argument (A.R. 1980):

For system of two equal-mass non-interacting particles,
o(r) = fro(z —1/2)

When interaction is on, width of p(z) increases

It may be estimated as ~ Ei,./m, ~ Aqep/my

For heavy mesons (e.g., T), ¢(x) is narrow

Taking m, ¢ < 10 MeV gives very broad DA for pion

Flat DA: ¢ (z) close to f, almost everywhere
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@ Introduce asymmetry parameter ¢© = —Q*(1 + w)/2,
@ =-Q*1-w)/2

@ pQCD leading-order result
_ V2fe

_ 2\/5 ! ()071-(.1?) d.T—
C3Q? Jy 1+w@r—1) 7 3Q2

CD
FP0(Q% w)

J(w)

@ Invert integral transform to get pion DA ¢, (z)

@ Experimentally feasible: one photonis real, w =1
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d=-Q% ¢ =0

Leading-order pQCD prediction
pQCD 2y _ V2 [Ton(z)  V2fx
FYos (Q)—3Q2 M dx_3Q2J

Information about pion DA is now accumulated in factor J
J = 2 for infinitely narrow ~ ¢(x — 1/2) DA

J = 3 for asymptotic ~ 6x(1 — z) DA

J =5 for CZ ~ 30x(1 — z)(1 — 2z)? DA

Another measure of the width of pion DA

J = oo for flat ¢ (z) = f» DAl



BaBar Data
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@ Recent BaBar data may be fitted by

2 0.25
Q2 FW*’YWO(QQ) = \/ifw (ng) = ffﬂ' JeXP(Q )

@ J=P(()?) does not flatten to some particular value!
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Q* (GeV?)

10 20 30
@ JoP(()?) is very close to logarithmic function
JHNQ?) = (Q%/M* +1)
if one takes M? = 0.6 GeV?
@ JL(Q?) is obtained if v, (7) = fr and 2Q* — zQ? + M?

1
L2\ _ 12 dx
@ M is usually treated as average intrinsic transverse
momentum

@ M =0.77GeV is too large for such interpretation!



a Tower of Higher Twists?

@ Also: 1/2Q? — 1/(xQ* + M?) brings in a tower of
(—M?/zQ?)"™ power corrections, higher twists

@ Known (Musatov, A.R. 1997) : handbag diagram

P = o5 [ 01500 A0S
22 (22)2
cannot generate infinite tower of power corrections
@ Massless quark propagator is ~ 7/(2?)?
@ Matrix element of bilocal operator
(0[(0)ys 20(2)|p) = &2(2p) .20 +27€a(2p) |20+ (2%) &6 (2p) 20+ -

@ Twist-6 and higher cancel singularity of quark propagator
— no tower of (1/Q?)" terms!



“Sudakov” transverse momentum
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;f’ﬂ o
@ Sudakov parametrization of integration momentum
k=xp+nq + ki

@ Formally integrating over 7 by residue in “p-k” propagator:

IR e

@ But: 4) this formula generates infinite (1/Q?)" tower

@ And ii) U-functions depending on k, through k% /z(1 — z)/o
give k% (x) ~ (1 — x)o and 1/z singularity remains




Light-Front Formula and Gaussian Model
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@ Two-body (i.e., gq) contribution for v*~y7° form factor in

ady S light-front formalism (Lepage & Brodsky, 1980)
€1 X (zqL + k1)) 2
(ex X qu)F™ (Q / / o b Y k) ke

@ Simplifies for wave functions of ¥ (z, k) = ¢ (z, k? ) type

qq
FW’WFO 27r2\[ ZCQQ/ 'l/)xkl)kj_dkj_

(Musatov & A.R. 1997)
@ Gaussian ansatz for k -dependence (BHL 1984, JKR 1996)

4r? k2
\I/G(:v7 ki) = Fﬂ-\/é or(x) exp (— L7>

20xx

@ Result for form factor

Fm (@) f/ x@?[_ <§§o>]d"’




Features of Gaussian Model

@ Result for form factor

MWU(Q)—W/ 03 [kex ( ””de 7ff” I9(Q%,0)

2o

@ Contains 1/2Q? pQCD contribution and correction term
making integral convergent for small

@ Extra term reflects &k, -dependence of pion wave function

@ Extra term decreases faster than any power of 1/Q?
— not a higher twist — term invisible in OPE!

@ For large Q2 and flat DA:
J9(Q? o) =In (Q*/(20)) + v + O(0/Q?)

@ In logarithmic model: 7L(Q?, M?) = In (Q%/M?) + O(M?/Q?)
@ Two models coincide up to O(1/Q?) terms if o = M2 e7& /2
@ Numerically: o = 0.53 GeV? for M? = 0.6 GeV?



Properties of Gaussian Model
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@ Infact, JX(Q? M? = 0.6 GeV?) and J%(Q?, 0 = 0.53 GeV?)
practically coincide for Q% > 1 GeV?

Q? Fyeno(Q?) (MeV)

300

. [
2 I
10 20 30 40
Q@ (GeV?)

@ (Gev?)
10 20 30 40 /

Gaussian model

@ Average transverse momentum for Gaussian model:

(k2) = % = (0.42 GeV)?

@ /(k%) is close to folklore value of 300 MeV



Perturbative source of transverse momentum:
radiative corrections
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@ One-loop diagram in Sudakov decomposition:

q2 )
(1-x)p

&
55‘9 k X
Gy
,"

@ gluon momentum: k = (£ —z)p+nq+ k1
quark momentum: (1 —&)p+nq+ky , d*k = d?k, dédn

@ After taking n-integral by residue

s ! d?k
Ty(2, Q?) = %CF/O d:“/MAx,Q?;s,kn -




A Virtual photon vertex correction
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- @ Concentrate on ¢ > x part

sin 1 Q2 E)

M (5, Q% ¢k )=——s— < (3]0
NB: singular for k, =0
Collinear divergence may be regulated by k2 — k2 +m? producing
evolution logarithm In(Q?/m?). Using
B 0(¢& > x) _< 1 _L> 0(& > z)

[€Q2 +k2 /€| 2@ \EQ*+K1/E Q) (6 - 2)Q> + K1 /¢
and taking k7 = 0 when it is added to O(Q?) terms gives

92 w()

product of the “Born” term 1/£Q? and V,, part of ERBL kernel with
“+” prescription:

Radyushkin

[F(, )]s = F(€,z) — 6(¢ — ) / F(C,x)dc



pQCD one-loop corrections
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@ NB: in impact parameter b, representation
[b) is Fourier-conjugate to k& |
difference [... &k, ...]—[... kL =0...] produces
(e’k+b+ — 1) factor vanishing at by =0

@ Similarly, it makes sense to isolate = = ¢ part,
where longitudinal momentum does not change
Factorization in b, space

1

Mz, Q%) = 22 [ de [ Bee) [va@,x)L(bm)

2w
0

b
2T

3(€ — )52, bQ) + Ea(n € b@)}



d PQCD one-loop corrections
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@ Bornterm

—ik,1b
B —

Evolution term

Vo(§,2)L(bm) , L(bm) =

1 d2k ik by
_/L — Ko(bm)

2 kf_ +m?2

“Sudakov” term

1
et 1 [ (O B¢ > )G
2 -z = S _ TS TS
SuleiQ) = 5, [ g /(x) (= o+ 2 CQ
NB: singularlty of evolution kernel at ¢ = « is regularized
here by k2 /(Q? rather than by + prescription.



d PQCD one-loop corrections (contd)
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@ Evolution-related term

Eu(, Q) = [5 e (£—x)s>L

Radyushkin

€

@ b, space (or modified) factorization at one loop level

Froyms (@) = 5 /1 or () di {ngz % 0 / i [ o,
0

B(&;0Q)

V(& x) L(bm) + E(&, 2:0Q) + 6(§ — x)S(x,0Q)

}

@ Terms, nonsingular at k; = 0, give R(¢, z;bQ)

+R(&, z;bQ)




pQCD one-loop corrections (cont’d)
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FECHUETY @ Born term B(&;bQ) and evolution terms L(bm), E,(x,&;bQ)
exponentially decrease at large b: Ky (b...) ~exp(—=b...)

@ Sudakov terms are doubly-logarithmic in b, e.g.,

1 ekibs —1 (7
Sa(x;bQ) ~ %/koLT In (kcf)
L

N/dkﬂ (ja) ~—%In2(be),

1/b
= Resummation is needed

@ NB: Derivation was done in perturbation theory
= d?b, integration gives the same result as
standard pQCD factorization



Standard & modified factorization
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@ NB: Except L(bm) = L(bQ *m/Q), b, everywhere appears
through bQ. After db, integration

2
F’Y*’YTF(Qz) 4;-/0 dx ?Q<2) {1 —I—CF%; [(3 —i—lnx) In <TC;212>

+lln2x— zlnz 9
2 20 —z) 2

mass logarithm In(Q?/m?) is accompanied by

1/3 tdgy,
(24 —
Modified factorization x ( 2 + n x) O 5 (f’ )

forming standard evolution combination

e+ 2w (L) vie.o] weto)

suggesting the change ¢, () — ¢, (£, Q%)

Radyushkin




Standard & modified factorization
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@ In the impact parameter representation,

or(6) = (€)= 52 nlom) [ V(E.2) go(a) do

suggesting the change o, (¢) — ¢, (£, 1/b%)
Symbolically:

P(&,1/6%) = exp |~ n(bm)V | (€, 2) © ()

Modified factorization

NB: (&, 1/b%) is usual (“collinear”) pion DA, with 1/b?
serving as factorization scale




“Nonperturbative” transverse momentum
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@ Local duality relation for £, .0 (Q?) form factor

FID (@Y = i /0 P15, Q%) ds

@ Spectral density for triangle (anomaly) diagram

1 = 2\2
uark _ $ZE(17Q )
e @) =2 [

@ Substituting s = k2 /(2):

LD (0% 2 - 2
Frlo(@Q e / / Q2 i k2 O(k5 < aZsg)d k.

NONpQCD




Effective wave function
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@ “Local duality” wave function for pion:

2v/6

U

Radyushkin

UP (g, k) = 0(k% < x7s)

@ b, -space version

}[ VxZsg J1 (b V/xTsg)
™ L

@ Form factor In terms of effectlve LD wave function

FL mQQ \IILD k ko
¥ ’Y‘ﬂ'o 71_2\/> xQ2+k2 (@, k) d kL

@ In the impact parameter representation

UEP (3,b, ) =

Wave function

d?b,

™

2_L 1:r 2022 7 ~LDx
FI2,(Q )_\/éo/d/Qb K> (VabQ) U7 (2,b,)



Born term in LD formula

@ K5 (+/zbQ): from Born term written in the b-space

2)\2
1 e_ikLbL (./L'Q ) koJ_ _ ixQQbQKz (ﬁbQ)

2 (2Q? + k2 )?
@ Connection with pQCD Born term
(xQ?)? 1 2k2 k4

QR ER 2@k @QR R QR+ KR
@ Differ only by O(k? ) terms invisible in the analysis of effects
induced by the 1/k? singularity at small & .

@ However, this difference is very essential when one
extrapolates into the region of small Q2.

@ Local duality formula exactly reproduces pQCD asymptotics
and also F,-,.0(0) value dictated by axial anomaly

@ UEiP(x k) is effective wave function describing all ¢G ... Gq
Fock components of the usual light-front approach
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