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•                       Nucleon matrix elements of local operators 

Moments of Structure Functions
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Moments of Structure Functions
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∫ 1

0
dxxn−1F1(x, Q2) −→ 〈xn〉q

2
∫ 1

0
dxxng1(x, Q2) −→ 〈xn〉∆q

• 〈xn〉q, 〈xn〉∆q −→ nucleon matrix elements of local operators O.

〈P, S|O|P, S〉

20

Unpolarized (F1/F2):

Oq
{µ1µ2···µn} = q

[(
i

2

)n−1
γµ1

↔
Dµ2 · · · ↔Dµn −trace

]
q

Polarized (g1/g2):

Oq
{µ1µ2···µn} = q

[(
i

2

)n−1
γ5γµ1

↔
Dµ2 · · · ↔Dµn −trace

]
q

• Broken Lorentz symmetry =⇒
higher moment operators mix with lower dimensional op-
erators. Operators belonging in irreducible representations
of O(4) transform reducibly under the lattice Hyper-cubic
group.

On the lattice we can measure: 〈x〉q, 〈x2〉q, 〈x3〉q
〈1〉∆q (gA), 〈x〉∆q, 〈x2〉∆q
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GPDs and Form Factors

〈P ′|O{µ1µ2...µn}
q |P 〉

∼
∫

dxxn−1[H(x, ξ, t), E(x, ξ, t)]

→ Ani(t), Bni(t), Cn(t)

Deeply virtual Compton scattering: 

Euclidean Matrix elements: 



• 2+1 Dynamical flavors 

• 2 light (up down) 1 heavy (strange) 

• charm bottom top (treated in HQET as extrernal)

• Light quark masses              m  < 400MeV

• Chiral extrapolations

• Finite volume corrections

• Numerical algorithm slows down  (algorithm scaling            )

• Continuum extrapolations

• compute at several lattice spacings  (algorithm scaling        )

π

∼ 1

a7

∼ 1

m2.5
π

Realistic Calculations

∼ 1

m2.5
q

1



• Domain wall fermions for valence (with hyp smeared links)
• Chiral symmetry
• Ward Identities

• Kogut-Susskind 2+1 Dynamical flavors 

• Improved KS action (Asqtad: O(a4, g2a2))  [KO, Sugar, Toussaint ‘99]

• MILC has generated lattices: Ready to milk the MILC

• Light quark masses:  Lightest pion         mπ ~ 250MeV

• Volumes: 2.6 to 3.2 fm

• Future:  Continuum extrapolation
• MILC lattice spacings: a=0.125fm, 0.09fm
• a=0.06fm in 1 - 2 years

The LHPC program



LHPC-SESAM:
diamonds - quenched,
squares - dynamical

QCDSF:
quenched - triangles

[hep-lat/0201021]

〈x〉u−d ∼ a1

[
1−(3g2

A + 1)m2
π

(4πfπ)2
ln

( m2
π

m2
π + µ2

)]
+b1m

2
π.

Where µ = 550MeV

The log coefficient is valid for full QCD

[Detmold et.al. Phys.Rev.D87 2001]
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Ratio of first moments
(polarized and unpolarized)

• No curvature observed down to 400MeV pions     (Quenched)

• Renormalization constant cancels in the ratio for DWF

• Ratio agrees with experimental expectations

[Blum KO Ohta ‘05]



The DWF quark masses

• Domain wall fermions for valence (hyp smeared links)

• We tune the DWF quark mass to the staggered Goldstone pion

• Baer et.al.: tune to the taste singlet for mπ

•  Not clear it helps for other quantities ( ex. fπ )

•  Unitarity is restored in the continuum in any case



Checks of the scheme

• The residual mass

• Dependence on L5           [W. Schroers LAT04]

• Locality of the action

• The iso-vector scalar correlator



Chiral symmetry breaking

• The size of                  measures chiral symmetry breaking

• Let’s use for the operator 

• Assume at long distances 

• The proportionality constant is the residual mass

∆µ〈Aa
µ(x)O〉 = 2 mf 〈Ja

5(x)O〉+ 2〈Ja
5q(x)O〉+ i〈δa

xO〉

Aa
µ(x) : Axial Current

Ja
5(x) = q̄(x)τaγ5q(x) : Pseudo-scalar density

Ja
5q(x) = −ψ(x,

Ls

2
)τaPLψ(x,

Ls

2
+ 1)

+ ψ(x,
Ls

2
+ 1)τaPRψ(x,

Ls

2
).

lim
Ls→∞

〈Ja
5q(x)O〉 = 0

• Ls →∞ : Exact chiral symmetry at finite lattice spacing.

• Finite Ls: Exponentially suppressed breaking [Furman & Shamir Nucl.Phys.

B439 (1995)]

• Flavor singlet case: 〈J5q(x)O〉 reproduces the anomaly.

∆µ〈Aa
µ(x)O〉 = 2 mf 〈Ja

5(x)O〉+ 2〈Ja
5q(x)O〉+ i〈δa

xO〉

Aa
µ(x) : Axial Current

Ja
5(x) = q̄(x)τaγ5q(x) : Pseudo-scalar density

Ja
5q(x) = −ψ(x,

Ls

2
)τaPLψ(x,

Ls

2
+ 1) + ψ(x,

Ls

2
+ 1)τaPRψ(x,

Ls

2
)

Ja
5q(x) = q̄mp(x)τaγ5qmp(x)

lim
Ls→∞

〈Ja
5q(x)O〉 = 0

• Ls →∞ : Exact chiral symmetry at finite lattice spacing.

• Finite Ls: Exponentially suppressed breaking [Furman & Shamir Nucl.Phys.

B439 (1995)]

• Flavor singlet case: 〈J5q(x)O〉 reproduces the anomaly.

V
5
4
5d

O = Ja
5(0)

V
5
4
5d

O = Ja
5(0)

Ja
5q ∼ Ja

5

V
5
4
5d

O = Ja
5(0)

Ja
5q ∼ Ja

5

Mres =

∑
x,y〈Ja

5q(y, t)Ja
5(x,0)〉∑

x,y〈Ja
5(y, t)Ja

5(x,0)〉

∣∣∣∣∣
t≥tmin

. (19)



Residual Mass vs Ls
Re

sid
ua

l M
as

s

a=0.125fm

At Ls = 16:
1MeV < mres <2.5MeV 



Residual Mass vs Ls
Re

sid
ua

l M
as

s

a=0.09fm

At Ls = 12:
0.2MeV<mres <0.7MeV 



The  4D effective operator

• Overlap:   α=2, a5=0  (Borici)

• DWF:        α=1, a5=1  (Shamir)

The DWF transfer Matrix (a la Edwards and Heller)

K. Orginos
(Dated: November 3, 2004)

I. DOMAIN WALL FERMIONS: THE TRANSFER MATRIX

The generalized domain wall fermion action is:

SDW = −Ψ̄D(5)
DW Ψ = −

∑
x,x′

Ls−1∑
s=0

[
Ψ̄(x, s) [b5Dw(x, x′) + 1]Ψ(x′, s)

]
+

+
[
Ψ̄(x, s) [c5Dw(x, x′)− 1]P−Ψ(x′, s + 1) + Ψ̄(x, s) [c5Dw(x, x′)− 1]P+Ψ(x′, s− 1)

]−
− mf

[
Ψ̄(x, 0) [c5Dw(x, x′)− 1]P+Ψ(x′, Ls − 1) + Ψ̄(x, Ls − 1) [c5Dw(x, x′)− 1]P−Ψ(x′, 0)

]
(1)

where

P+ =
1 + γ5

2

P− =
1− γ5

2
(2)

and Dw is the Wilson fermion matrix.
When c5 = 0 and b5 = a5 we have the Shamir domain wall fermions. When c5 = b5 = a5 we have the Borici domain

wall fermions. When b5 − c5 = a5 and b5 + c5 = κa5 we have the Neff fermions.
In matrix notation we can write:

D(5)
dwf =


D+ −D− P− 0 · · · 0 m D− P+

−D− P+ D+ −D− P− 0 · · · 0
0 −D− P+ D+ −D− P− 0 · · ·
...

...
m D− P− 0 · · · · · · −D− P+ D+

 (3)

where

D+ = 1 + b5Dw

D− = 1− c5Dw (4)

We will transform from the Ψ̄ and Ψ variables to the χ̄ and χ in such a way that χ(0) is the q field (see axial current
and hermiticity notes) and χ̄(0) is the q̄ field [2]. In order to achieve this transformation we define the following
operators:

Pss′ = δss′P− + δs′,(s+1) mod Ls
P+ (5)

P−1
ss′ = δss′P− + δs′,(s−1) mod Ls

P+ (6)

and the reflection operator

Rss′ = δs′,Ls−1−s (7)

All s-indices run from 0 to Ls − 1. In matrix notation:

P =


P− P+ · · · 0
0 P− P+ · · · 0
...

...
. . .

...
0 0 · · · P+

P+ 0 · · · P−

 (8)

P−1 =


P− 0 · · · P+

P+ P− · · · 0
...

. . . . . .
...

0 0 P+ P−

 (9)

3

or

D(5)
DWP =


γ5Q− (P− −m P+) γ5Q+ · · · 0

0 γ5Q− γ5Q+

...
...

...
. . . . . .

γ5Q+ (P+ −m P−) 0 · · · γ5Q−

 (25)

and

D(5)
DWP =


γ5Q−M− γ5Q+ · · · 0

0 γ5Q− γ5Q+

...
...

...
. . . . . .

γ5Q+M+ 0 · · · γ5Q−

 (26)

with

M− = P− −m P+ (27)
M+ = P+ −m P− (28)

Note M−M+ = −m. Now if we define

T−1 = −Q−1
− Q+ (29)

we get

D(5)
DWP = γ5Q−


M− −T−1 · · · 0

0 1 −T−1
...

...
...

. . . . . .
−T−1 M+ 0 · · · 1

 = γ5Q−UD5L (30)

with

D5 =


M− − T−LsM+ 0 · · · 0

0 1 0
...

...
...

. . . . . .
0 0 · · · 1

 (31)

L =


1 0 0 · · · 0

−T−Ls+1M+ 1 0 0 · · ·
−T−Ls+2M+ 0 1

. . .
...

...
...

. . . . . . 0
−T−1M+ 0 · · · 0 1

 (32)

U =


1 −T−1 · · · 0

0 1 −T−1
...

...
...

. . . . . .
0 0 · · · 1

 (33)

In closed form

[D5]ss′ = δss′
[
δs0(M− − T−LsM+) + 1− δs0

]
(34)

Lss′ = δss′ − δs0T
−Ls+s(δ0s′ − 1) (35)

Uss′ = δss′ − T−1δs′, s+1 (36)
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A. The transfer Matrix

The transfer matrix T was defined as:

T−1 = −Q−1
− Q+ (59)

Q+ = γ5

[
D+ P+ −D− P−

]
=

= γ5

[
P+ + b5DwP+ − P− + c5DwP−

]
=

= P+ + P− + b5HwP+ + c5HwP− = 1 + b5HwP+ + c5HwP+ − c5HwP+ + c5HwP− ⇒
Q+ = 1 + c5Hw + (b5 − c5)HwP+ (60)

with Hw = γ5Dw. Similarly

Q− = γ5

[
D+ P− −D− P+

]
=

= γ5

[
P− + b5DwP− − P+ + c5DwP+

]
=

= −P+ − P− + b5HwP− + c5HwP+ = −1 + b5HwP− + c5HwP− − c5HwP− + c5HwP+ ⇒
Q− = −1 + c5Hw + (b5 − c5)HwP− (61)

or

Q± = c5Hw ± 1 + (b5 − c5)HwP± (62)

So

T−1 = −Q−1
− Q+ =

=
1

1− c5Hw − (b5 − c5)HwP−

[
1 + c5Hw + (b5 − c5)HwP+

]
=

1 + HT

1−HT
⇒[

1 + c5Hw + (b5 − c5)HwP+

][
1−HT

]
=

[
1− c5Hw − (b5 − c5)HwP−

][
1 + HT

]
⇒

2c5Hw + (b5 − c5)Hw =
[
2 + (b5 − c5)Hw(P+ − P−)

]
HT ⇒

HT =
1

2 + (b5 − c5)Hwγ5
(b5 + c5)Hw (63)

or

HT = (b5 + c5)γ5
Dw

2 + (b5 − c5)Dw
(64)

If we define α = b5 + c5 and a5 = b5 − c5 we get the transfer matrix to be

HT = α
1

2 + a5Hwγ5
Hw (65)

II. SOME FORMULAS

D = (b5 + c5)
Dw

2 + (b5 − c5)Dw
= α

Dw

2 + a5Dw
(66)

HT = γ5D (67)

T−1 =
1 + HT

1−HT
(68)

[1] R. G. Edwards and U. M. Heller, Phys. Rev. D63, 094505 (2001), arXiv:hep-lat/0005002.
[2] The 0 index refers to the s index of the 5th dimension
[3] see axial current and hermiticity notes
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With a little algebra we get
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P−1 1
Ddwf (1)

Ddwf (m)P = L−1(1)diag(Dov(m), 1, · · · , 1)L(m) (69)

or

P−1 1
Ddwf (1)

Ddwf (m)P =



Dov(m) 0 0 · · · · · · · · · 0
−(1−m)T−Ls/2+1 1

T−Ls/2+T Ls/2 1 0 0 · · · · · · 0
−(1−m)T−Ls/2+2 1

T−Ls/2+T Ls/2 0 1 0 · · · · · · 0
...

...
. . . . . . . . . · · · ...

−(1−m) 1
T−Ls/2+T Ls/2 0 · · · · · · 1 0 · · ·

...
...

. . . . . . . . . . . .
...

−(1−m)TLs/2−1 1
T−Ls/2+T Ls/2 0 · · · · · · · · · 0 1


(70)

P−1 1
Ddwf (m)

Ddwf (1)P = L−1(m)diag(Dov(m), 1, · · · , 1)L(1) (71)

P−1 1
Ddwf (m)

Ddwf (1)P =



D−1
ov (m) 0 0 · · · · · · · · · 0

(1−m)T−Ls/2+1 1
T−Ls/2+T Ls/2 D−1

ov (m) 1 0 0 · · · · · · 0
(1−m)T−Ls/2+2 1

T−Ls/2+T Ls/2 D−1
ov (m) 0 1 0 · · · · · · 0

...
...

. . . . . . . . . · · · ...
(1−m) 1

T−Ls/2+T Ls/2 D−1
ov (m) 0 · · · · · · 1 0 · · ·

...
...

. . . . . . . . . . . .
...

(1−m)TLs/2−1 1
T−Ls/2+T Ls/2 D−1

ov (m) 0 · · · · · · · · · 0 1


(72)

[1] R. G. Edwards and U. M. Heller, Phys. Rev. D63, 094505 (2001), arXiv:hep-lat/0005002.
[2] The 0 index refers to the s index of the 5th dimension
[3] see axial current and hermiticity notes

γ5 D + D γ5 = 2 D γ5 D

δΨ = γ5(1− 2D)Ψ

δΨ̄ = Ψ̄γ5

γ5 D + D γ5 = γ5 +
1

2
ε[γ5D(M5)] +

1

2
γ5ε[γ5D(M5)γ5] = 2 D γ5 D

Dov(m) =
1 + m

2
+

1−m

2
γ5εLs[γ5D(M5)] (12)

7

P−1 1
Ddwf (1)

Ddwf (m)P = L−1(1)diag(Dov(m), 1, · · · , 1)L(m) (69)

or

P−1 1
Ddwf (1)

Ddwf (m)P =



Dov(m) 0 0 · · · · · · · · · 0
−(1−m)T−Ls/2+1 1

T−Ls/2+T Ls/2 1 0 0 · · · · · · 0
−(1−m)T−Ls/2+2 1

T−Ls/2+T Ls/2 0 1 0 · · · · · · 0
...

...
. . . . . . . . . · · · ...

−(1−m) 1
T−Ls/2+T Ls/2 0 · · · · · · 1 0 · · ·

...
...

. . . . . . . . . . . .
...

−(1−m)TLs/2−1 1
T−Ls/2+T Ls/2 0 · · · · · · · · · 0 1


(70)

P−1 1
Ddwf (m)

Ddwf (1)P = L−1(m)diag(Dov(m), 1, · · · , 1)L(1) (71)

P−1 1
Ddwf (m)

Ddwf (1)P =



D−1
ov (m) 0 0 · · · · · · · · · 0

(1−m)T−Ls/2+1 1
T−Ls/2+T Ls/2 D−1

ov (m) 1 0 0 · · · · · · 0
(1−m)T−Ls/2+2 1

T−Ls/2+T Ls/2 D−1
ov (m) 0 1 0 · · · · · · 0

...
...

. . . . . . . . . · · · ...
(1−m) 1

T−Ls/2+T Ls/2 D−1
ov (m) 0 · · · · · · 1 0 · · ·

...
...

. . . . . . . . . . . .
...

(1−m)TLs/2−1 1
T−Ls/2+T Ls/2 D−1

ov (m) 0 · · · · · · · · · 0 1


(72)

εLs =
T−Ls − 1
T−Ls + 1

=
(1 + HT )Ls − (1−HT )Ls

(1 + HT )Ls + (1−HT )Ls
(73)

[1] R. G. Edwards and U. M. Heller, Phys. Rev. D63, 094505 (2001), arXiv:hep-lat/0005002.
[2] The 0 index refers to the s index of the 5th dimension
[3] see axial current and hermiticity notes



Locality of the 4D action
4D
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Localization: ~ 1.5a

a=0.125fm



Locality of the 4D action
4D
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Localization: ~ 1.3a

a=0.09fm



a=0.125fm

The DWF quark masses
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Pion decay constant
• Fit the lower 4 points

• Scale used a = 0.125 fm

• One loop χPT extrapolation:                          
130.6(1.8)MeV

• Systematic error: 
chiral extr. 3 MeV  
2% from scale setting

• χ2/d.o.f. ~ 2 

• Need mixed  χPT of Baer et.al.



Diquarks

• Anti-fundamental channel attractive  

• One gluon exchange

• ‘tHooft interaction

diquark

The diquark: made out of two quarks

3× 3→ 6 + 3̄ (1)

1



Diquark Properties

• Scalar diquark most attractive channel  (”good”)

• Spin triplet flavor symmetric   (”bad”)

• Spin interaction: Stronger for light quarks

3× 3 → 6 + 3̄ (1)

qa
fCγ5qb

f ′εcabε
ff ′ (2)

1

3× 3 → 6 + 3̄ (1)

qa
fCγ5qb

f ′εcabε
ff ′ (2)

qa
fCγµqb

f ′εcab (3)

1



Questions
• Weak coupling arguments / instanton model

• Expect to be valid of finite density 

• Color supperconductivity      [Alford/Wilczek/Rajakopal]

• Do we have any non-perturbative information?

• Any evidence in the QCD spectrum?                                                                       
[Jaffe/Salem/Wilczek]

• What is the binding energy non-perturbatively?



Diquarks in QCD

• Pentaquarks                                   [Jaffe/Salem/Wilczek]

• Color supercoductivity           [Alford/Wilczek/Rajakopal]

• QCD spectrum                                  [Salem/Wilczek]

• The Δ - N, Λ - Σ* mass splittings

• The ΔI=1/2 rule in Kaon decays      [Stech - Neurbert]



• Baryon: closely bound diquark connected with a flux tube to the quark 
[Salem/Wilczek]

• Good and bad diquarks: 0+ is energetically favored        [Jaffe/Wilczek]

• QCD spectrum implies ~250MeV diquark binding energy splitting 
[Wilczek]

Diquarks in Hadrons
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A larger effect might be expected for the trajectories with bad diquarks,
since the ends won’t be sticky. This too is what is is observed.
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Figure 1. Various E2 vs L plots. (a) is a plot of all Nucleons of series IA, showing “even-odd

effect”. (b-d) are plots of the most prominent regge trajectories.

In the Λ trajectory the dominant quark configuration has [ud] on one end
and s on the other. It requires triple tunneling to mimic the effect of a π
rotation. Thus we do not expect an even-odd effect here, and none is evident
in the data, which has entries for L = 0 through 5.
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Diquarks in Lattice QCD

• Study the spectrum

• The quark mass is tunable parameter

• Artificial calculations to probe specific 
properties such as binding energy

• Major issue: the diquark is a color source!

• Can study it embedded in color singlet 
objects



The calculation
• Compute the binding energy difference of 

good and bad diquarks

• Mass splitting of baryons (Δ-Ν , Λ - Σ ... )

• Light baryons: spin interactions present problem

• One heavy quark attached to the diquark  (ΛQ-ΣQ)

• Λb mass is known while the  Σb mass is not

• On the lattice can use an infinitely heavy quark



ūCγ5d

ūCγµd

ūCγ5d

ūCγµd

Compute  the ΣQ - ΛQ mass splitting    

with M. Savage



Lattice Correlators
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Correlator ratio

quark mass: 0.007 quark mass: 0.010

quark mass: 0.020 quark mass: 0.030



Diquark binding energy

ūCγ5d

ūCγµd

ūCγ5d

ūCγµd

ΣQ - ΛQ mass splitting   

Hess et.al ‘98: diquark mass splitting  100MeV 

Σc - Λc mass splitting  215MeV 

Σ(3/2+) - Λ mass splitting  268MeV 

Δ(3/2+) - N mass splitting  292MeV 



Conclusions

• Can measure diquark binding energy splitting

• Linear extrapolation ~ 360(70)MeV

• Result is large  compared to QCD scale

• Splitting increases with quark mass

• Future: increase precision to address 
systematics


