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uI(x, f(x)) = uII(x, f(x))

for P polarization
∂uI

∂n
(x, f(x)) =

∂uII

∂n
(x, f(x))

for S polarization ε1
∂uI

∂n
(x, f(x)) = ε2

∂uII

∂n
(x, f(x))

x0

II

∆uI + k2
1uI = 0, k2

1 = ω2ε1µ1 = ω2n2
1/c2 for y > f(x)

∆uII + k2
2uII = 0, k2

2 = ω2ε2µ2 = ω2n2
2/c2 for y < f(x)

Helmholtz equation

1. Reflection Formula

kg

kI
! θ

kg

kI
! θ

• well-known specular reflectivity formula

Nevot-Croce

R ≈ r0e
−2k2θ2

gσ2 Debye-Waller

R ≈ r0e
−2k2θg

√
n2−cos2 θgσ2

y

f(x)

I

θθg
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The general solution to Helmholtz equation

Assuming                    ,  we expand boundary condition to its second 
order, arriving at matrix equation.

|βαf(x)|! 1

uI(x, y) =
∫ ∞

−∞
dα(aαeiαx+iβy + a′αeiαx−iβy), βα =

√
k2
1 − α2

uII(x, y) =
∫ ∞

−∞
dα(bαeiαx+iβ′y + b′αeiαx−iβ′y), β′α =

√
k2
2 − α2

Boundary conditions 
uI(x, f(x)) = uII(x, f(x))

for P polarization
∂uI

∂n
(x, f(x)) =

∂uII

∂n
(x, f(x))

for S polarization ε1
∂uI

∂n
(x, f(x)) = ε2

∂uII

∂n
(x, f(x))

AX +A′Y = BZ
CX + C′Y = DZ
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Cα,α′ = iβα′δα,α′ − β2
α′ f̃α′−α − iα′f̃ ′α′−α

− i

2
β3

α′ f̃2
α′−α + α′βα′ ˜(ff ′)α′−α −

i

2
βα′ ˜(f ′)2α′−α

Aα,α′ = δα,α′ + iβα′ f̃α′−α −
1
2
β2

α′ f̃2
α′−α

Xα′ = aα′ ,Yα = a′
α,Zα = bα

For compact computation, we introduced matrix notation as

         are obtained from         by replacing     with             , 
respectively.

A′B, C′,D A, C βα −βα, β′
α

Y = −(B−1A′ −D−1C′)−1(B−1A−D−1C)X
Z = (A′−1B − C′−1D)−1(A′−1A− C′−1C)X

Its formal solution is given as
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Above matrices are evaluated to be 

(β′
α − βα)

(β′
α + βα)

[δαα′ + 2iβα′ f̃α′−α

−βα′{(β′
α + β′

α′)f̃2
α′−α + 2(βα′′ − β′

α′′)f̃α′′−αf̃α′−α′′}]

a′α =
∫ ∞

−∞
dα′aα′

β′
α+κ ≈ β′

α, βα+κ ≈ βα → R≈ r0e
−2k2θ2

gσ2

βα+κ ≈ β′
α+κ → R≈ r0e

−2k2θg

√
n2−cos2 θgσ2

kg

kI
! θ

kg

kI
! θ

(1) , specular reflectivity reduces to Debye-Waller

(2) , it reduces to Nevot-Croce
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Propagation of E field through cavity is described by Fourier optics 

• Vacuum Propagation 

• Mirror Transform

aperture

Path difference W leads to phase difference of 
X-ray.  

Fresnel reflectivity focal length

wave vector

grazing angle

2. Simulation

Ẽ(!k⊥; z′′) = Ẽ(!k⊥; z)eik(z′′−z)− i(z′′−z)
2k k2

⊥

Due to the highly coherent nature of the LCLS FEL beam analysis of the optical 
propagation from the source to the experimental endstations must be performed in a wave 
optics formalism.  Conventional ray tracing approaches sum the intensities of independently 
propagated rays and are appropriate for an incoherent source, but neglect the interference 
between individual rays. For a coherent source such as LCLS, multiple paths to the image 
plane can interfere with one another requiring the complex field (both amplitude and phase) to 
be propagated to the plane of interest followed by summation of amplitudes.  In this 
formalism, mirrors and other optical elements in the beam are represented by complex-valued 
elements describing how the phase and amplitude of the incident beam is modified.  Slits and 
apertures attenuate portions the beam, whilst height errors on the mirrors are translated into 
phase errors representing the optical path difference introduced on reflection from the mirror 
surface. The intensity at any point is simply the squared modulus of the complex field and the 
wavefront error can be deduced from the phase of the complex field.  Propagation of the 
complex optical field between individual optical elements is performed using conventional 
scalar diffraction integrals [8].  

The profile of the optical surfaces determines the phase structure imparted onto the 
reflected wave-field.  For mirrors used at normal incidence the optical path difference (phase 
error) introduced on reflection from a mirror surface is simply twice the mirror figure (height) 
error.  However, when a mirror is used at an angle theta (defined here from the grazing 
direction, see Fig.  2) the optical path difference imparted on the incident beam is no longer 
simply twice the surface height profile.  First, given a surface height profile !  the wavefront 

error "  when used at grazing incidence is " !! "#$ , where  is the grazing angle.  

Thus a mirror that would have unacceptable surface errors at normal incidence may still offer 

acceptable performance at grazing incidence where "#$  becomes small.  Secondly, the 

coordinate system of the mirror surface is foreshortened in the plane defined by the incident 
beam and surface normal.  This geometrical transformation converts position on the mirror in 
mirror coordinates #  into position across the incident beam in optical system coordinates #$ 

according to an #$ # "#$  transformation [9].  One important consequence is that a mirror 

surface with an isotropic figure and power spectral density distribution in mirror surface 
coordinates will be transformed into wavefront error with an elliptical power spectral density 
that contains relatively stronger high spatial frequency components along the direction of 
foreshortening, as shown in Fig.  2.  

 

Fig. 2. Grazing incidence reduces the magnitude of wavefront error induced by the mirror 
profile and foreshortens mirror features in the plane of incidence.  An important consequence is 
that isotropic features on the mirror surface will be compressed in one direction, resulting in an 
anisotropic wavefront error map foreshortened along the plane of incidence. 
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Eout(!x; z) = r0A(x/θg, y)e−2ikθgh(x/θg,y)− ik
2f x2

Ein(!x; z)

distance

Method
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Mode Deformation

Power P at some point after mirror:

P (!x′⊥; z′) =
1

λ4(z′ − z′′)2(z′′ − z)2

∫ ∫ ∫ ∫
d2x′′⊥d2x⊥d2X ′′

⊥d2X⊥

E∗( !X⊥; z)E(!x⊥; z)ei k
2A(x

′′2
⊥ −X

′′2
⊥ )e−ikC·x′′⊥+ikC′·X′′

⊥−2ikθg(h(x′′)−h(X′′))

e
i k
2(z′′−z) (x

2
⊥−X2

⊥)

Random height errors are statistically described by Gaussian 
distribution function. 

where A =
1

(z′ − z′′)
+

1
(z′′ − z)

− 1
f

, C =
x′⊥

z′ − z′′
+

x⊥
z′′ − z

C′ =
x′⊥

z′ − z′′
+

X⊥
z′′ − z

w(h1, h2, · · · , hN ; s1, s2, · · · , sn) =
√

det(Γ)e−
1
2

P
ij Γijhihj

(
√

2π)n
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Expanding for small h and ensemble averaging over 
mirror samples

where Γ−1 =





σ2 σ2g(s1 − s2) · · · σ2g(s1 − sn)
σ2g(s1 − s2) σ2 · · · σ2g(s2 − sn)

· · · · · · · · · · · ·
σ2g(s1 − sn) σ2g(s2 − sn) · · · σ2





rms correlation function

σ2 = 〈h2〉, g(x2 − x1) =
1
σ2

〈h(x1)h(x2)〉

= 1− 2k2θ2
gσ2(1− g(s′′)) = 1− k2θ2

g

∫
dκH(κ) sin2 κs′′

〈 1
ξ2

∫ s′′+ξ

s′′

∫ x′′+ξ

x′′
dτ ′dτ ′′e−2ikθg(h(τ ′)−h(τ ′+τ ′′))〉

Power Spectral Denisty H(κ) =
1
T

h̃∗(κ)h̃(κ)

sample length
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Inserting Hermite-Gauss modes for input E field, we obtain 
perturbation series

P0(x′; z) = Θe−2Re[G]x
′2

Re[G] =
kzR

2L2

1
(1 + l

L −
l
f )2 + z2

R( 1
L −

1
f )2

P2(x′; z′) =
k2θ2

g

4

∫
dκH(κ)Θ[e−2ReG(x′⊥+(z′−z′′) 2κ

k )2

+e−2ReG(x′⊥−(z′−z′′) 2κ
k )2 − 2e−2ReGx

′2
⊥ ]

Diffraction of mode on the bump

ϕ

θg

λ

k

E(L, x) =
k

2πi

∫
dx′E(x′/θg, x

′)
eikρ

ρ
cos ϕ

Lλ/a

[2]
Rtheory = |r0|2 × e−4k2θ2

gσ2n = 1− 3.17× 10−6 − (1.87× 10−8)i

Rsimulation = 0.983 (Rtheory ≈ 0.982)

SiO2 σ = 0.88× 10−9(m)

h(x/θg)

d = aθg

En+1(x) = (1 + g)r0A(x)e−2ikθgh(x/θg)− ik
2f x2

En(x)

∆P/P0 =
bkaθg√

N(L/aθgk)

n
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Abstract

A U.S. Department of Energy laboratory 
managed by UChicago Argonne, LLC 

The effects of mirror surface error on coherent X-ray propagation in 
XFELO cavity

We study the propagation of coherent X-ray mode through 
X-ray optical cavity of X-ray FEL oscillator (XFELO) 
including rough grazing incidence focusing mirror.  

Diffraction by single bump  

A,B,C,D are crystals, M1,M2 are grazing incidence mirrors at 

angle               . A coherent X-ray used has wave length                   
and waist size 

• Mirror transform 
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   X-ray FEL oscillator (XFELO)

|E| field profiles at M2 in optical cavity

(a) |E| field with 
n=1 pass

(c) |E| field with 
n=100 pass

(d) |E| field with 
n=200 pass

L
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Other tolerances

• Orientation errors of crystals and mirrors 
deviate optical axis of the propagation.
(                         )

• Focal length errors perturb the position of 
waist (                    )

• Bunch timing errors (                    )
   

Debye-Waller Reduction

(b) power in spatial frequency
with n=1

• Vacuum propagation
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observed  specular reflectivity  is

X-ray beam propagation with rough mirror and aperture
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Mirror

silica (        ) mirror with rms height    
 and refractive index

• Power fluctuation after     passes 
grows as        

∆l ≤ 12(µm)

Aperturegain

• Initial fluctuation

spread at distance L

reflected power  at 
mirror

number of 
contributing local 
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√
n

• High frequency roughness lost by 
aperture

• The power lost is compensated by 
gain 
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Strehl ratio

R =
P (0)
P0(0)

= 1−
k2θ2

g

2

∫
dκH(κ)(1− e−8ReG(z′−z′′)2 κ2

k2 )

Coherence length

slope of figure error rms of finish error

W 2 =
8
k2

(z′ − z′′)2Re[G] ≈ 7.53× 10−5m

R ≈ 1−
k2θ2

g

2
(
∫ 1/W

1/lm

dκH(κ)W 2κ2 +
∫ 1/λ

1/W
dκH(κ)) ≈ 1−

k2θ2
g

2
W 2µ−

k2θ2
g

2
σ2

µ =
∫ 1/W

1/lm

dκH(κ)κ2, σ2 =
∫ 1/λ

1/W
dκH(κ)
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Mirror(         )SiO2

n = 1− 3.17× 10−6 − (1.87× 10−8)i

aperture size  

rms height

refractive index

height profile

PSD(Power Spectral Density)
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n=1 pass n=100 pass

n=400 pass

•  Evolution of E field 
Simulation Results
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Power loss was compensated by 
gain g ∼ 0.013

Power loss due to finite mirror size

→ α ∼ 0.987
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Peakpower reduction by Debye-Waller factor

Fourier transform of E-field
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Rtheory = |r0|2e−
k2θ2

g
2 W 2µ−

k2θ2
g

2 σ2

≈ 0.996
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In small signal regime, radiation is amplified through 
FEL interaction

We insert equation of motions for no focusing case   

e−i
R z

z0
dsξν(s) = e−i(z−z0)[(∆ν−2ην)ku+ k

2 (φ−ẋ)2]

ei
R z′

z0
ds′ξ′

ν(s′) = ei(z′−z0)[(∆ν−2ην)ku+ k
2 (φ′−ẋ)2]

Aν(φ;Z) = Aν(φ; z0)e(i∆νku+ ik
2 φ2)(Z−z0)

+
gnhn

λ2

∫ Z

z0

· · ·
∫ z

z0

dφ′dz′dηdẋdxdzAν(φ′; z0)e−(i∆νku+ ik
2 φ2)(z−z0)

×e−i
R z

z0
dsξν(s)e−i

R z′
z0

dsξ′
ν(s)eik(φ−φ′)x∂ηF̄ (η, x, ẋ; z0)

ξν(z) = (∆ν − 2ην)ku +
k

2
(φ− ẋ)2, ξ′ν(z) = (∆ν − 2ην)ku +

k

2
(φ′ − ẋ)2

3.2 The Effects of Gain
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We assume Gaussian distribution for electron beam

F̄ (η, x, ẋ) =
1√
2πσ2

η

1
2πσ2

x

1
2πσ2

p

e
− η2

2σ2
η e
− ẋ2

2σ2
p e
− x2

2σ2
x

We analyze gain process in terms of cavity eigenmode (Hermite-
Gaussian)

A′(φ′) =
∫

dφK(φ′, φ)A(φ)

cn = Gnmdm

cn =
∫

dφ′G∗
n(φ′)A′(φ′), dm =

∫
dφG∗

m(φ)A(φ)

Knm =
∫

dφ′dφG∗
n(φ′)K(φ′, φ)Gm(φ)
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After series of integration, final answer is

cN =
N

2N+MN !M !
dM

∫ Z

z0

∫ z

z0

dzdz′
(z − z′)

1 + iσ2
pk(z − z′)

e−2ν2k2
uσ2

η(z′−z)2+i(z′−z)∆νku

×[
∑

n,m

PnPm

∑

a,b

Cn,2aCm,2b(−
2
κ

)a+b(
iwk√

2κ
)n−2a(− iwk√

2κ
)m−2b

a∏

q=1

b∏

q′=1

(
1
2
− q)(

1
2
− q′)

×
∑

t

Cn−2a,2t(−K)n−2a−2t(− 1
B

)t′(− 1
A

)t 1√
AB

t′∏

p′=1

(
1
2
− p′)

t∏

p=1

(
1
2
− p)]2

where N = −i4π3w2νku
gnhn

λ4
, 2t′ = n− 2a− 2t + m− 2b

A = (
σ2

xk2

2
− ikL

2
+

ik

2
(z − z0) +

k2σ2
p(z − z0)2

2(1 + ikσ2
p(z − z′))

+
w2k2

4
)

K = −
(σ2

xk2 + k2σ2
p

1+ikσ2
p(z−z′) (z

′ − z0)(z − z0))

2(σ2
xk2

2 − ikL
2 + ik

2 (z − z0) + k2σ2
p(z−z0)2

2(1+ikσ2
p(z−z′)) + w2k2

4 )

B = −
(σ2

xk2 + k2σ2
p

1+ikσ2
p(z−z′) (z

′ − z0)(z − z0))2

4(σ2
xk2

2 − ikL
2 + ik

2 (z − z0) + k2σ2
p(z−z0)2

2(1+ikσ2
p(z−z′)) + w2k2

4 )

+(
σ2

xk2

2
− ik

2
(z′ − z0) +

k2σ2
p(z′ − z0)2

2(1 + ikσ2
p(z − z′))

+
w2k2

4
)
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In the limit of cold beam 1d, we reproduce gain formula  

σp, ση → 0, L/k " Σ2
x = σ2

x +
w2

0

2• when

G00 → −i2
√

2πνei(∆νku−2k)L I

IA

K2[JJ ]
(1 + K2/2)3/2

N3
uλ3/2λ1/2

u

Σ2
x

∂

∂x
(
sin2 x

x2
)

where − 2x = ∆νkuL
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Beam parameters

undulator parameters

radiation parameters

electron beam parameters
γ0 = 1.37× 104

σx = 1.15× 10−5

σp = 1.27× 10−6

ση = 2× 10−4

λu = 1.76× 10−2[m]
K = 1.51

Nu = 3000
I = 9.97[A]

k1 = 6.26× 1010[m−1]
∆ν = 6.37× 10−4

w0 = 2.2× 10−5[m]

Gain matrix 




0.1754− 0.0721i 0 −0.0208 + 0.0192i 0 0.0009− 0.0009i
0 0.0853− 0.0567i 0 −0.0137 + 0.0179i 0

−0.0208 + 0.0192i 0 0.0453− 0.0528i 0 −0.0066 + 0.0160i
0 −0.0137 + 0.0179I 0 0.0230− 0.0474i 0

0.0009− 0.0009i 0 −0.0066 + 0.0160i 0 0.0090− 0.0409i




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Simulation Result

n=1 pass E field at waist
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n=400 pass E field at waist

g ∼ 1.2669
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4. Conclusion

• We derived reflection formula for mirror with surface errors

• We simulated the propagation mode in cavity and estimated 
power loss and gain
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