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1. Retlection Formula

e well-known specular reflectivity formula

R~ roe 2k 050 ]]:— < 0 Debye-Waller
1

kg
R~ roe— 2K 0gy/n?—cos? 6,07 k_ > 60 Nevot-Croce
1

Helmholtz equation

Aur+kiur =0, ki = w?aqu =w?ni/c® for y> f(z)
Aurr + k%un =0, k3 = w2€2,u2 — W ”2/0 for y < f(x)
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Boundary conditions

ur(z, f(x)) = wur(z, f(z))

for P polarization %ul (x, f(x)) = (9;11 (z, f(x))
for S polarization ¢ %ul (x, f(x)) = ag” (x, f(x))

The general solution to Helmholtz equation

ur(oy) = [ dalaae™ T a5, =\ [ o

— OO

urr(ay) = [ da(bae Y i i), =\ fig o

— OO

Assuming |3, f(z)| < 1, we expand boundary condition to its second
order, arriving at matrix equation.

AX + A'Y =BZ
CX+CY=DZ
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For compact computation, we introduced matrix notation as

X’—aa yoz_af,aaZoa:ba

~

, ~ 1
Aa,a’ — 504,0/ Zﬁa’foz’—a — 562’]2’—04
Coz,o/ — iﬁa’6a,a’ — ﬁz’fa’—a — i&/f,a/

_%6i/f2a’—a + O/ﬂa’(fjf,)a’—oz o %ﬁa’(f7)2a’—a

A'B,C', D are obtained from A,C by replacing 8, with —3,, 3, ,
respectively.

Its formal solution 1s given as

Y=—-B'tA-D ' 'BA-DCO)X
Z=A"B-Cc" D)1 AtA-C" o)
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Above matrices are evaluated to be

©.@) / . N
a :/ do’ ay: (Ba ﬁo‘)[(Saa, + 2180 for —a

} —Of (6(/1 + ﬁa)
_604’{(6(; + 6&’)][20/—@ -+ 2(60/’ — 6&//)fa”_afa/_a// ]

(1) —:g < 6, specular reflectivity reduces to Debye-Waller
I
/6&—|—/<J ~ ﬁ&; ﬁOH—KL ~ 605 — ’?% T06—2k29302

k :
(2) k_g > 0, it reduces to Nevot-Croce
1

-~ Al N —2k?0,+/n2—cos2 0,02
60&4—/{ e 6()44—/{ — RN ro€ g\/ 7
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2. Stmulation
Method
Propagation of E field through cavity is described by Fourier optics

wave vector

e Vacuum Propagation  E(k,;2") = E(k,;2)e** a2
distance

e Mirror Transform Path difference W leads to phase difference of
X-ray.

Incident wavefront Reflected wavefront
(x;y")

pa— =2hsin(® >
Mirror surface h(x,y) z:_:)(ysm(e) ’
aperture grazing angle
= L —21kO,h(z /04,y ik 2 —
Eout($7 Z) — TOA(CE/Hgv y) @/ 7 )~ 2f Ezn (.CE, Z)

Fresnel reflectivity focal length
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Mode Deformation

Power P at some point after mirror:

2
N (2 — o) — ////d:z: dzdezX d°X |

— . ”2_ oy . I o1 7% /1
E*(XJ_,Z)E(ZCJ_, ) .A(a: X )6 ikC-x'| +ikC’- X" —2ik0,(h(z")—h(X""))

P ;2') =

eig(zllf_z) (xi_XJQ_)
1 1 1 x’ T |
where A = —— ~+ — , C=— L i
(2 =2") (2" —2) f 2l — 2z 2! — 2
/
C/ _ 'ZCJ_ | XJ_

Random height errors are statistically described by Gaussian
distribution function.

UJ(hl,hQ,"’,hN;Sl,SQ,"‘,Sn): (\/27)
T\
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) o2 02g(s1 — $92) 02g(s1 — Sp)
where '™t = 0°9(s1 — 52) o’ 0°g(s2 — sn)
- 0%g(s1 —sn) 0°g(s2 — sp) o?
2 2 1
0" =(h%), g(z2 —x1) = —(h(z1)h(22))

rms correlation function

Expanding for small /# and ensemble averaging over
mirror samples

1 S//+£ x/,+€ . / / !/
<£_2 / / dT/dT//€_2Zk99(h(T Y—h(T'+T ))>

_ 202 2 _ 22 . 2
=1-2k"0,0°(1 —g(s")) =1—k Hg/d/ﬁ:H(li)Sln ks

Power Spectral Denisty H(li) — Th*(li)iL(l{)

sample length
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Inserting Hermite-Gauss modes for input £ field, we obtain
perturbation series

/

Po(2'; 2) = @ 2Reldlz”
o kZR 1

RelG| =
2L (14 £ — §)° + 2R( — 3)°

/ / k293 _2ReG / I 11N\ 2Kk \2

Py(a's 2') = 1 /dlﬁlH(/ﬁl)@[e eG(ry +(z7=27) %)

_|_€—2Reg(ibl—(z’—z”)2f)2 . 26—2Regac/f]

Diffraction of mode on the bump ANz —2") (& =2k
/ ,‘ Ag k
)\ > | %, L)\/CL
d—ab) T
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Strehl ratio

P O k202 / 1/ 2;-@2
R = (0) =1 29 /dlﬁlH(/ﬁJ)(l—e_SReg(z —z") k7 )

8
1.2

Coherence length W? = ; (' — 2")?Re[G] ~ 7.53 x 10™°m

k202 1/W 1/ L2092 k202
R~1— —2 (/ deH (k)W ?2K? +/ deH(k)) ~1 - —2W?y — —2o°
- 1/lm 1/ W 2

1/W 1/\
v :/ deH (k)K*, o7 :/ dxH (k)
1/l 1

slope of figure error rms of finish error
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Mirror(SiO;) PETRA-III, BESSY

height profile slope error

35 T T T T T T T T X 10—7

IS & S N [S) - o [N IS
T T T T T T T

| | | | | | | |
0 1 2 3 4 5 6 7 8 9
x 107

PSD(Power Spectral Density)

rms height 1.0439 x 107 %m 510

refractive index N
n=1-317x10"°— (1.87x107%)i ..

aperture size (.24m

rms slope error 1.3003 x 107 . o

x 10°
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Simulation Results
e Evolution of E field

x10°®
3.5 T

af n=1 pass -
251
ol
15}
W

05

0 | | | | e P ALt

0 0.2 0.4 0.6 0.8 1 1.2 14
x 107

1.2

n=400 pass

1+

0.8

0.6}

04r

0.2

0

x 107

| | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4

1.4

1.2

n=100 pass

| A ot ~rp A Pgus A

1.2 1.4
x107°

0ss due to finite mirror size

0ss was compensated by
gain g ~ 0.013
— a ~ 0.987
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Peakpower reduction by Debye-Waller factor

Rsimulation = 0.997

1: \ | \J
e i

Fourier transform of E-field




3.2 The Effects of Gain

In small signal regime, radiation 1s amplified through
FEL interaction

A (¢; Z) = Ay (¢ 20)eliBVEut 5 67)(Z—20)

nhn 4 © ’ ik 42
:g)\Q / / dgb’dz’dndj:da?dzA,,(gb’;ZO)e_(’A”k“+7k¢ )(z=20)

ez 458 () o=t dsg’//(s)eikw_qb/)xanp(??, T, T; 20)
k k
60 (2) = (Av = 20)ky + 2 (6 — )2, €(2) = (Av — 2k, + (¢ — )3
We 1nsert equation of motions for no focusing case

6—72 fzzo ds&, (s) _ e—i(z—zo)[(Al/—an)ku—l-%(¢—fb)2:

o L) i =20 [(Av—2m)ku+E (8 —8)°)
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We assume Gaussian distribution for electron beam

1 n? 2 2

__2 T 5 2
77,:1:' ) 29 e 29be 20%

[9r 27’(’0‘2 2770

We analyze gain process 1n terms of cavity eigenmode (Hermite-
(Gaussian)

A () = [ oK@, 0)A©
Cpn — Gnmdm
— / dd'GE (VA (@), dyy = / doG,, (0)A(9)

Ko — / 1/ A6 G (6 K (&, 6)Gm (6)
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After series of integration, final answer 1s

N “ ® (Z —Z,) 212 2/ 1 2 a0/
_ d dzdz’ —2v°k, 0, (2" —2) +i(2" —2)Avk,
N = ONTM NI M/ZO /ZO T rieZk(z— )"

R S A e m Al | § ) CRTICRT)

g=1q'=1
t,
1 ..., 1 1 1 1
¢ On—a, K n—2a—2t( T\t ([ t = - 2
Et: 2 ,2t( ) ( B) ( A) \/Ep/:1(2 p )191;[1(2 p)]
nhn
where N = —i4w3w2ykug>\4 . 2 =n—2a—2t+m —2b
21.2 . . 2 2 _ 2 21.2
y (Jxk sz+zk( " ko, (2 — z0) w2k )
= —— + =(2—z
2 2 9 Vo1 iko2(z - 2) 4
k2 o2
. (022 + rrmpiay (2 — 20)(z — )
T o2k i i k202(2—20)? w2 k2
2( 9 % + ?k(z - ZO) + 2(1—|—z’k0%(ziz’)) + 4k )
k2 o2
o (022 + rrmary (2 — 20) (2 — 2))°
T 52k2 ; i k202(z—20)2 w2 k2
475 — 4 (2 — 20) + 2(1—|—z’ka%(ziz’)) + )
o2k ik, k2o (2' — 2)? w?k?
B T R S G iy vec popup) s S R
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In the limit of cold beam 1d, we reproduce gain formula

2
* when op,0p — 0, L/k < X2 =02 + %

. I K2[JJ]  N3X/2)\Y% 9 sin?x
G —i2v/9 i1(Avk,—2k)L u U
00 — —1 \/—7TV€ IA (1 —|—K2/2)3/2 Z% 833( .CC2 )
where — 2x = Avk,L
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undulator parameters
Ay = 1.76 x 10~[m]

K =151 o, = 1.15 x 107°
Nu = 3000 op =1.27 x 107°
I =9.97[A] oy =2 % 10—4
radiation parameters
k1 =6.26 x 10*°[m ]
Av = 6.37 x 10~4
wo = 2.2 x 107°[m]
(Gain matrix
[ 0.1754 — 0.07214 0 —0.0208 4 0.0192: 0 0.0009 — 0.00097 |
0 0.0853 — 0.05672 0 —0.0137 4+ 0.01792 0
—0.0208 4+ 0.0192¢ 0 0.0453 — 0.05282 0 —0.0066 + 0.01602
0 —0.0137 + 0.01797 0 0.0230 — 0.0474 0
i 0.0009 — 0.0009: 0 —0.0066 + 0.0160¢2 0 0.0090 — 0.0409 |

Beam parameters

electron beam parameters
vo = 1.37 x 10*
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Simulation Result

X100 | | | | | 15219 .
1.6 q
1.4}
12f - 10r
al
0.8}
06| | 51
0.4} .
| A
% 02 04 0%5 08 ; 12 13-4 % 02 0.4 06 08 N 12 1.4
x10 x 107
n=1 pass E field at waist n=400 pass E field at waist

g ~ 1.2669
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4. Conclusion

e We derived reflection formula for mirror with surface errors

e We simulated the propagation mode 1n cavity and estimated
power loss and gain
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